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second column, is the same as the rational number %, which occurs in the third

row, fourth column. (It’s also the same as 2,%, = ...))

Our goal is to find a way to line up the naturals with the rationals—o find
a one-to-one function, f, with domain N and range Q. Since each rational
number appears in the grid, all we need to do is go through all of the (infinitely
many!) points on the grid, one by one, and count off a corresponding natural
number for each; we’ll then let our function f map the natural numbers we
count off to the rational numbers that appear at the corresponding points on
the grid. Let’s start at the top left of the grid, and count off the first natural
number, 0. So we’ll have f/ map 0 to the rational number at the top left of the
grid, namely, 2. That s, f(0) = 3. We can depict this by labeling ¢ with the
natural number we counted off, O:

denominators
1 2 3 4 5
0 O 0 0 0
0 1(0) 2 3 % 5
IERERE
numerators
a2 22 2 2
1 2 3 % 5
3 303 3 3
3 1 2 3 4 5
4 4 4 4 4
133 15

Next, ignoring a certain wrinkle which I’ll get to in a moment, let’s count off
natural numbers for the rationals in the uppermost “ring” around the top left
of the grid, in counterclockwise order, beginning at the left:
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denominators
1 2 3 4 5
0 0 0 0 0
0110 303) 3 3 3
1 1(1) 1(2) 111
numerators ! 2 3 4 >
sl 2 2 2 o2 2
1 2 3 4 5
3 3 3 3 3
30% 3 3 %3
4 4 4 4 4
L S S S S

Then (continuing to ignore the wrinkle) let’s count off the next ring of numbers,
again in counterclockwise order beginning at the left:

denominators
1 2 3 4 5
020 33) 38) § 3
1141y Yy Y7y 1 1
numerators | 100 ¥ 305
21 :4) 3050 5(6) 7 3
3 3 3 3 3
A A
4 4 4 4 4
L S S

And so on infinitely. For each new ring, we begin at the left, and move through
the ring counterclockwise, continuing to count off natural numbers.

Every point on the grid will eventually be reached by one of these increas-
ingly large (but always finite) rings. Since every rational number appears on
the grid, every rational number eventually gets labeled with a natural number.
So the range of our function f is the entirety of Q! There are two tricks that
make this work. First, even though the rational numbers are dense, they can
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be laid out in a discrete grid. Second, even though the grid is two dimensional
and the natural numbers are only one-dimensional, there is a way to cover the
whole grid with naturals since there is a “one-dimensional” path that covers
the entire grid: the path along the expanding rings.

The wrinkle is that this procedure, as we’ve laid it out so far, doesn’t deliver
a one-to-one function, because rational numbers appear multiple times in the
grid. For example, given our definition, f maps 0 to % and 3 to 3. But 3 is the

same rational number as >—namely, 0—so f isn’t one-to-one. (f also maps 8
to 0; and it maps both 1 and 5 to 1, etc.) But it’s easy to modify the procedure
to fix this problem. In our trek through the rings, whenever we hit a rational
number that we’ve already encountered, let’s now simply skip it, and go on to
the next rational number on the trek. Thus, the new diagram looks as follows
(the skipped rational numbers are struck out):
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We’ve now got our desired function f: it is the function that maps each natural
number to the rational number in the grid labelled by that natural number.
(Notice, incidentally, that / could be displayed in this way instead:

n: 0123456789 1011 12 13 14 15
. 1 2 1 33 1 4 4 3 2 1
fr): 001 32553 35 5 54 5 5 5 5 3

This is just a different picture of the same function.) Since each rational number
is labeled by some natural number, f’s range is Q. f’s domain is clearly N. And
f is clearly one-to-one (since our procedure skips previously encountered
rational numbers). So f is our desired function; N and Q are the same size.
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If even a dense set like Q is no bigger than N, are #// infinite sets the same
size? The answer is in fact no. Some infinite sets are bigger than N;j there are
different sizes of infinity.

One such set is the set of real numbers. Real numbers are numbers that can
be represented by decimals. All rational numbers are real numbers; and their
decimal representations either terminate or eventually repeat in some infinitely
recurring pattern. (For example, ; has the repeating decimal representation
0.3333...; Z has the terminating decimal representation 1.75.) But some real
numbers are not rational numbers. These are the real numbers with decimal
representations that never repeat. One example is the real number 7, whose
decimal representation begins: 3.14159....

We'll prove that there are more real than natural numbers by proving that
there are more real numbers between 0 and 1 than there are natural numbers.
Let R be the set of real numbers in this interval. Now, consider the function
f which maps each natural number » to —. This is a one-to-one function

n+2"°

whose domain is N and whose range is {%, %, %, ... }. But this latter set is a subset
of R. So R is at least as big as N. So all we need to do is show that R is not the
same size as N. And we can do this by showing that the assumption that N and
R are the same size would lead to a contradiction.

So, suppose that N and R are equinumerous. Given the definition of equinu-
merosity, there must exist some one-to-one function, f, whose domain is N
and whose range is R. We can represent f on a grid as follows:

The grid represents the real numbers in the range of f by their decimal repre-
sentations.!? The 4% are the digits in these decimal representations. For any
natural number 7, f(z) is represented as the decimal 0.4; 4, ,4; ,.... Thus 4, ;
is the (; +1)* digit in the decimal representation of f(z). Consider f(2), for
example. If f(2) happens to be the real number 0.2562894..., then a,, = 2,
a,,=5,a,,=6,a,;=2,and so on.

12]f a decimal representation terminates, we can think of it as nevertheless being infinite:
there are infinitely many zeros after the termination point.
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The right hand part of the grid (everything except the column beginning
with “£(0) =”) is a list of real numbers. The first real number on this list is
0.4404, 14y, -- -, the second is 0.4, ya, 14, , ..., the third is 0.4, ya, 14, , ..., and so
on. The real numbers in this list, in fact, comprise the range of /. But we
have supposed, remember, that the range of f is the entirety of R. Thus, we
have an important consequence of our supposition: this list is a comzplete list of
R. That is, every member of R occurs somewhere on the list, as the decimal
0.4; 4,4, ,.-., for some natural number :.

But in fact, we can show that this can’t be a complete list of R, by showing
that there is at least one real number between 0 and 1 that does not appear on
the list. We’re going to do this in a crafty way: we’ll look at the grid above,
and construct our real number as a function of the grid in such a way that it’s
guaranteed not to be anywhere on the list.

I’ll call the real number I'm after “d”; to specify d, I'm going to specify its
decimal representation 0.d,d,d, .... Here is my definition of the ;™ digit in
this decimal representation:

4= {6 ifa; ;=5

5 otherwise

The “a; ;7s refer to the grid depicting f above; thus, what real number d we
have defined depends on the nature of the grid, and thus on the nature of the
function f.

To get a handle on what’s going on here, think about it geometrically.
Consider the digits on the following diagonal line in the grid:

f(@)= 0 . ag1 P
f ()= 0 . a0 a1
f (2)= 0 . Ao 41 |92

To these diagonal digits, there corresponds a real number: 0.4, 44, 4, ,.... Call
this real number 2. What we did to arrive at our number d (so-called because we
are giving a “diagonal argument”) was to begin with 4’s decimal representation
and change each of its digits. We changed each of its digits to 5, except when
the digit was already 5, in which case we changed it to 6.

We now approach the punch line. d’s definition insures that it cannot
be anywhere on the list. Let f(z) be any member of the list. We can prove
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that d and f(z) are not the same number. If they were, then their decimal
representations 0.dyd,d, ... and 0.4; ya; ,a; , ... would also be the same. So each
digit d; in d’s decimal representation would equal its corresponding digit 4, ; in
f(2)’s decimal representation. But this can’t be. There is one place in particular
where the digits must differ: the i place. d, is defined to be 6 if 4, ; is 5, and
defined to be 5if 4, ; isnot 5. Thus, d, is not the same digitasa, ;. So d’s decimal
representation differs in at least one place from f(z)’s dec1mal representation;
so d is different from f(z). But f(7) was an arbitrarily chosen member of the
list. Thus we have our conclusion: d isn’t anywhere on the list. But d is a real
number between 0 and 1. So if our initial assumption that the range of f is all
of R were correct, d would have to be on the list. So that initial assumption
was false, and we’ve completed our argument: it’s impossible for there to be
a one-to-one function whose domain is N and whose range is all of R. Even
though N and R are both infinite sets, R is a bigger infinite set.

To grasp the argument’s final phase, think again in geometric terms. If
d were on the list, its decimal representation would intersect the diagonal.
Suppose, for instance, that d were f(3):

as,1 o o3 A4

a0 |21 %412 a3 14

a1 |4 a3 o

Aol |41 | |42 a3 a3y

—~ o~~~ ~
vvb’/\/\/
Il
O O O O o
Q
NS
©

Ayo A1 A4 P43 |Gy

Then, given d’s definition, its decimal representation would be guaranteed to
differ from the diagonal series in its fourth digit, the point of intersection.

It’s natural to voice the following misgiving about the argument: “if d was
left off the list, then why can’t you just add it in? You could add it in at the
beginning, bumping all the remaining members of the list down one slot to
make room for it”:
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initial list make room for d new list

/(0) d

£(1) f (¢0) f(0)

f f (¢1) f()
f {2) f2

Natural as it is, the misgiving is misguided. It’s true that, given any list, one
could add d to that list using the method described. But this fact is irrelevant
to the argument. The argument wasn’t that there is some unlistable real number,
d—some real number d that is somehow prevented from occurring in the
range of any one-to-one function whose domain is N. That would be absurd.
The argument was rather that no one list can be complete; any list (i.e., any
one-to-one function whose domain is N) will leave out some real numbers.
The left-out real numbers can appear on other lists, but that’s beside the point.
Compare: if a thousand people show up to eat at a small restaurant, many
people will be left out. That’s not to say that any individual person is incapable
of entering; it’s just to say that not everyone can enter at once. No matter who
enters, others will be left out in the cold.

Exercise 1.4* For any set, A, the powerset of A is defined as the
set of all A’s subsets. Write out the definition of the powerset of A
in the “{# :...}” notation. Write out the powerset of {2,4,6} in the
braces notation (the one where you list each member of the set).

Exercise 1.5* Is N equinumerous with the set Z of all integers,
negative, positive, and zero: {---—3,-2,—1,0,1,2,3,...}?




Chapter 2

Propositional Logic

E BEGIN with the simplest logic commonly studied: propositional logic.
Despite its simplicity, it has great power and beauty.

2.1 Grammar of PL

We’re going to approach propositional logic by studying a formal language.
And the first step in the study of a formal language is always to rigorously define
the language’s grammar.

If all you want to do is to use and understand the language of logic, you
needn’t be so careful about grammar. For even without a precisely formulated
grammar, you can intuitively recognize that things like this make sense:

P—Q
RA(~S—P)

whereas things like this do not:

(P~Q~(V
PoQ
But to make any headway in metalogic, we will need more than an intuitive
understanding of what makes sense and what does not. We will need a precise

definition that has the consequence that only the strings of symbols in the first
group “make sense”.

30
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Grammatical strings of symbols (i.e., ones that “make sense”) are called
well-formed formulas, or “formulas” or “wfts” for short. We define these by
first carefully defining exactly which symbols are allowed to occur in wifs (the
“primitive vocabulary”), and second, carefully defining exactly which strings of
these symbols count as wifs. Here is the official definition; I'll explain what it
means in a moment:

PRIMITIVE VOCABULARY:

. Connectives:! —, ~

- Sentence letters: P,Q,R..., with or without numerical subscripts

- Parentheses: (,)

DEFINITION OF WFF:

i) Every sentence letter is a PL-wff
ii) If ¢ and ¢ are PL-wffs then (¢p—¢) and ~¢ are also PL-wffs
iii) Only strings that can be shown to be PL-wffs using 1) and ii) are PL-wffs

(We allow numerical subscripts on sentence letters so that we don’t run out
when constructing increasingly complex formulas. Since P,,P,,P;... are all
sentence letters, we have infinitely many to choose from.)

We will be discussing a number of different logical systems throughout this
book, with differing grammars. What we have defined here is the notion of
a wif for one particular language, the language of PL. So strictly, we should
speak of PL-wffs, as the official definition does. But usually I'll just say “wff” if
there is no danger of ambiguity.

Here is how the definition works. Its core is clauses i) and ii) (they’re
sometimes called the formation rules). Clause i) says that if you write down a
sentence letter on its own, that counts as a wif. So, for example, the sentence
letter P, all by itself, is a wit. (So is Q, so is P,,,, and so on. Sentence letters are
often called “atomic” wifs, because they’re not made up of smaller wifs.) Next,
clause ii) tells us how to build complex wtfs from smaller wifs. It tells us that
we can do this in two ways. First, it says that if we already have a wff, then we
can put a ~ in front of it to get another wff. (The resulting wif is often called a

'Some books use D instead of —, or = instead of ~. Other common symbols include & or
- for conjunction, | for disjunction, and = for the biconditional.
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“negation”.) For example, since P is a wif (we just used clause 1) to establish this),
then ~P is also a wft. Second, clause ii) says that if we already have two wffs,
then we can put an — between them, enclose the whole thing in parentheses,
and we get another wif. (The resulting wif is often called a “conditional”, whose
“antecedent” is the wft before the — and whose “consequent” is the wif after
the —.) For example, since we know that Q is a wff (clause 1)), and that ~P
is a wft (we just showed this a moment ago), we know that (Q—~P) is also
a wif. This process can continue. For example, we could put an — between
the wff we just constructed and R (which we know to be a wff from clause 1))
to construct another wff: ((Q—~P)—R). By iterating this procedure, we can
demonstrate the wfthood of arbitrarily complex strings.

Why the greek letters in clause ii)? Well, it wouldn’t be right to phrase it,
for example, in the following way: “if P and Q are wffs, then ~P and (P—Q)
are also wffs”. That would be too narrow, for it would apply only in the case of
the sentence letters P and Q. It wouldn’t apply to any other sentence letters (it
wouldn’t tell us that ~R is a wif, for example), nor would it allow us to construct
negations and conditionals from complex wifs (it wouldn’t tell us that (P—~Q)
is a wif). We want to say that for any wif (not just P), if you put a ~ in front
of it you get another wif; and for any two wtfs (not just P and Q), if you put
an — between them (and enclose the result in parentheses) you get another
wif. That’s why we use the metalinguistic variables “¢” and “¢)”.> The practice
of using variables to express generality is familiar; we can say, for example,
“for any integer #, if n is even, then 7 4 2 is even as well”. Just as “»” here
is a variable for numbers, metalinguistic variables are variables for linguistic
items. (We call them mzetalinguistic because they are variables we use in our
metalanguage, in order to talk generally about the object language, which is in
this case the formal language of propositional logic.)

What’s the point of clause iii)? Clauses i) and ii) provide only sufficient
conditions for being a wff, and therefore do not on their own exclude nonsense
combinations of primitive vocabulary like P~Q~R, or even strings like P & Q
that include disallowed symbols. Clause iii) rules these strings out, since there
is no way to build up either of these strings from clauses i) and ii), in the way
that we built up the wif (~P—(P—Q)).

Notice an interesting feature of this definition: the very expression we
are trying to define, ‘wff’; appears on the right hand side of clause ii) of the
definition. In a sense, we are using the expression ‘wff’ in its own definition. But

?Strictly speaking clause iii) ought to be phrased using corner quotes; see exercise 1.2b.
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this “circularity” is benign, because the definition is recursive. A recursive (or
“inductive”) definition of a concept F contains a circular-seeming clause, often
called the “inductive” clause, which specifies that 7f such-and-such objects are
F, then so-and-so objects are also F. But a recursive definition also contains
a “base clause”, which specifies noncircularly that certain objects are F. Even
though the inductive clause rests the status of certain objects as being F's on
whether certain other objects are F's (whose status as F's might in turn depend
on the status of still other objects...), this eventually traces back to the base
clause, which secures F-hood all on its own. Thus, recursive definitions are
anchored by their base clauses; that’s what distinguishes them from viciously
circular definitions. In the definition of wffs, clause 1) is the base, and clause ii)
is the inductive clause. The wifthood of the string of symbols (P—Q)—~R),
for example, rests on the wfthood of (P—Q) and of ~R by clause ii); and the
wifthood of these, in turn, rests on the wfthood of P, Q and R, again by clause
ii). But the wfthood of P, Q, and R doesn’t rest on the wfthood of anything
else; clause 1) specifies directly that all sentence letters are wifs.

What happened to A, V, and «<—? The only connectives in our primitive
vocabulary are — and ~; expressions like PAQ, PVQ, and P«—Q therefore do
not officially count as wifs. But we can still use A, V, and «— unofficially, since
we can define those connectives in terms of ~ and —-

DEFINITIONS OF A, V, AND «—:

- “@NJ” is short for “~(p—n~)”

- “@pV(” is short for “~p—¢”

- “Pps()” is short for “(¢—¢) A (¢—¢)” (which is in turn short for
(P d) = ~ (=)

So, whenever we subsequently write down an expression that includes one of
the defined connectives, we can regard it as being short for an expression that
includes only the official connectives, ~ and —. (Why did we choose these
particular definitions? We’ll show below that they generate the usual truth
conditions for A, V, and «.)

Our choice to begin with — and ~ as our official connectives was somewhat
arbitrary. We could have started with ~ and A, and defined the others as follows:

- “@dV¢” is short for “~(~PpA~)”
- “p—¢” is short for “~(PA~D)”
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- “Pe>¢” is short for “(¢p—¢) A (p—¢p)”

And other alternate choices are possible. (Why did we choose only a small num-
ber of primitive connectives, rather than including all of the usual connectives?
Because, as we will see, it makes metalogic easier.)

The definition of wff requires conditionals to have outer parentheses. P—Q),
for example, is officially not a wif; one must write (P— Q). But informally, I'll
often omit those outer parentheses. And I’ll sometimes write square brackets
instead of the official round ones (for example, “[(P—Q)—R]—P”) to improve

readability.

2.2 The semantic approach to logic

In the next section I will introduce a “semantics” for propositional logic, and
formal representations of logical truth and logical consequence of the semantic
(model-theoretic) variety (recall section 1.5).

On the semantic conception, logical consequence amounts to: truth-preser-
vation in virtue of the meanings of the logical constants. This slogan isn’t
perfectly clear, but it does lead to a clearer thought: suppose we keep the
meanings of an argument’s logical constants fixed, but vary everything else. If
the argument remains truth-preserving no matter how we vary everything else,
then it would seem to preserve truth “in virtue of” the meanings of its logical
constants. But what is to be included in “everything else”?

Here is an attractive picture of truth and meaning. The truth of a sentence
is determined by two factors, meaning and the world. A sentence’s meaning
determines the conditions under which its true—the ways the world would have
to be, in order for that sentence to be true. If the world is one of the ways picked
out by the sentence’s truth conditions, then the sentence is true; otherwise, not.
Furthermore, a sentence’s meaning is typically determined by the meanings of
its parts—both its logical constants and its nonlogical expressions. So: three
elements determine whether a sentence is true: the world, the meanings of its
nonlogical expressions, and the meanings of its logical constants.’

Now we can say what “everything else” means. Since we’re holding con-
stant the third element (the meanings of logical constants), varying everything
else means varying the first two elements. The clearer thought about logical
consequence, then, is that if an argument remains truth-preserving no matter

3And also a fourth element: its syntax. We hold this constant as well.
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how we vary i) the world, and ii) the meanings of nonlogical expressions, then
its premises logically imply its conclusion.

"To turn this clearer, but still not perfectly clear, thought into a formal ap-
proach, we need to do two things. First, we need mathematical representations—
I'll call them configurations—of variations of types i) and ii). A configuration
is a mathematical representation, both of the world and of the meanings of
nonlogical expressions. Second, we need to define the conditions under which
a sentence of the formal language in question is #7ue in one of these configu-
rations. When we’ve done both things, we’ll have a semantics for our formal
language.

One thing such a semantics is good for, is giving a formalization, of the
semantic variety, of the notions of logical consequence and logical truth. This
formalization represents one formula as being a logical consequence of others
iff it is true in any configuration in which the latter formulas are true, and
represents a formula as being a logical truth iff it is true in all configurations.

But a semantics for a formal language is good for something else as well.
Defining configurations, and truth-in-a-configuration, can shed light on mean-
ing in natural and other interpreted languages.

Philosophers disagree over how to understand the notion of meaning in
general. But meaning surely has somzething to do with truth conditions, as in the
attractive picture above. If so, a formal semantics can shed light on meaning, if
the ways in which configurations render formal sentences true and false are
parallel to the ways in which the real world plus the meanings of words render
corresponding interpreted sentences true and false. Expressions in formal
languages are typically intended to represent bits of interpreted languages. The
PL logical constant ~, for example, represents the English logical constant ‘not’;
the sentence letters represent English declarative sentences, and so on. Part of
specifying a configuration will be specifying what the nonlogical expressions
mean in that configuration. And the definition of truth-in-a-configuration will
be constructed so that the contributions of the symbolic logical constants to
truth-conditions will mirror the contributions to truth conditions of the logical
constants that they represent.

2.3 Semantics of propositional logic

Our semantics for propositional logic is really just a more rigorous version
of the method of truth tables from introductory logic books. What a truth
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table does is depict how the truth value of a given formula is determined by the
truth values of its sentence letters, for each possible combination of truth values
for its sentence letters. To do this nonpictorially, we need to define a notion
corresponding to “a possible combination of truth values for sentence letters”:

DEFINITION OF INTERPRETATION: A PL-interpretation is a function .#, that
assigns to each sentence letter either 1 or 0

The numbers 1 and 0 are our truth values. (Sometimes the letters “I” and
‘F’ are used instead.) So an interpretation assigns truth values to sentence
letters. Instead of saying “let P be false, and Q be true”, we can say: let .# be
an interpretation such that .#(P)=0and .¢(Q) = 1. (As with the notion of a
wif, we will have different definitions of interpretations for different logical
systems, so strictly we must speak of PL-interpretations. But usually it will be
fine to speak simply of interpretations when it’s clear which system is at issue.)

An interpretation assigns a truth value to each of the infinitely many sentence
letters. "To picture one such interpretation we could begin as follows:

but since there are infinitely many sentence letters, the picture could not be
completed. And this is just one interpretation among infinitely many; any other
combination of assigned 1s and Os to the infinitely many sentence letters counts
as a new Interpretation.

Once we settle what truth values a given interpretation assigns to the sen-
tence letters, the truth values of complex sentences containing those sentence
letters are thereby fixed. The usual, informal, method for showing exactly how
those truth values are fixed is by giving truth tables for each connective. The
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standard truth tables for the — and ~ are the following:*

— 0 ~
1 0 1|0
0 1 0|1

—_ =

What we will do, instead, is write out a formal definition of a function—the
valuation function—that assigns truth values to complex sentences as a function
of the truth values of their sentence letters—i.e., as a function of a given
intepretation .#. But the idea is the same as the truth tables: truth tables are
really just pictures of the definition of a valuation function.

DEerINITION OF vALUATION: For any PL-interpretation, .#, the PL-valuation
for £, V,, is defined as the function that assigns to each wtf either 1 or 0, and
which is such that, for any sentence letter & and any wffs ¢ and ¢:

Vy(a)=S(a)
V,(p—¢) = 1iff either V() =0 or V,(¢) =1
Vy(~$) =1iff V,($) =0

Intuitively: we begin by choosing an interpretation function, which fixes the
truth values for sentence letters. Then the valuation function assigns corre-
sponding truth values to complex sentences depending on what connectives
they’re built up from: a negation is true iff the negated formula is false, and a
conditional is true when its antecedent is false or its consequent is true.

We have here another recursive definition: the valuation function’s values
for complex formulas are determined by its values for smaller formulas; and this
procedure bottoms out in the values for sentence letters, which are determined
directly by the interpretation function ..

Notice how the definition of the valuation function contains the English
logical connectives ‘either...or’, and ‘iff ’. T used these English connectives
rather than the logical connectives V and «—, because at that point I was not

*The — table, for example, shows what truth value ¢— ¢ takes on depending on the truth
values of its parts. Rows correspond to truth values for ¢, columns to truth values for ¢. Thus,
to ascertain the truth value of ¢—¢ when ¢ is 1 and ¢ is 0, we look in the 1 row and the 0
column. The listed value there is 0—the conditional is false in this case. The ~ table has only
one “input-column” and one “result-column” because ~ is a one-place connective.



CHAPTER 2. PROPOSITIONAL LOGIC 38

writing down wifs of the language of study (in this case, the language of propo-
sitional logic). I was rather using sentences of English—our metalanguage, the
informal language we’re using to discuss the formal language of propositional
logic—to construct my definition of the valuation function. My definition
needed to employ the logical notions of disjunction and biconditionalization,
the English words for which are ‘either...or’” and “iff’.

One might again worry that something circular is going on. We defined
the symbols for disjunction and biconditionalization, V and «—, in terms of
~ and — in section 2.1, and now we’ve defined the valuation function in
terms of disjunction and biconditionalization. So haven’t we given a circular
definition of disjunction and biconditionalization? No. When we define the
valuation function, we’re not trying to define logical concepts such as negation,
conjunction, disjunction, conditionalization, and biconditionalization, and
so on, at all. Reductive definition of these very basic concepts is probably
impossible (though one can define some of them in terms of the others). What
we are doing is starting with the assumption that we a/ready understand the
logical concepts, and then using those concepts to provide a semantics for a
formal language. This can be put in terms of object- and meta-language: we use
metalanguage connectives, such as ‘iff” and ‘or’, which we simply take ourselves
to understand, to provide a semantics for the object language connectives ~
and —.

An elementary fact will be important in what follows: for every wif ¢ and
every PL-interpretation .#, V,(¢) is either 0 or 1, but not both.’ Equivalently:
a formula has one of the truth values iff it lacks the other. That this is a fact
is built into the definition of the valuation function for PL. First of all, V,, is
defined as a function, and so it can’t assign both the number 0 and the number 1
to a wit. And second, V, is defined as a function that assigns either 1 or O to each
wff (thus, in the case of the second and third clauses, if a complex wif fails the
condition for getting assigned 1, it automatically gets assigned 0.)

Back to the definition of the valuation function. The definition applies only
to official wifs, which can contain only the primitive connectives — and ~. But
sentences containing A, V, and «— are abbreviations for official wifs, and are
therefore indirectly governed by the definition. In fact, given the abbreviations
defined in section 2.1, we can show that the definition assigns the intuitively

3'This fact won’t hold for all the valuation functions we’ll consider in this book; in chapter
3 we will consider “trivalent” semantic systems in which some formulas are assigned neither 1
nor 0.
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correct truth values to sentences containing A, V, and «—. In particular, we can
show that for any PL-interpretation .#, and any wifs ¢ and y,

V,(¢Ay)=1iff V,(¢)=1and V,(y) =1
V,(¢Vy)=1iff either V,(¢)=1or V,(y)=1

I’ll show that the first statement is true here; the others are exercises for the
reader. I'll write out this proof in excessive detail, to make it clear exactly how
the reasoning works.

Example 2.1: Proof that \ gets the right truth condition. We are to show that
for every wifs ¢ and y, and any PL-interpretation .%, V,(¢Ay) =1ift V,(¢) =
1 and V,(y)=1. So, let ¢ and y be any wifs, and let .# be any PL-interpretation;
we must show that: V,(¢Ay)=1iff V,(¢)=1and V,(y) = 1. The expression
¢ Ay is an abbreviation for the expression ~(¢—~y). So what we must show
is this: V,(~(¢—~y))=1iff V,(¢)=1and V,(y)=1.

Now, in order to show that a statement A holds iff a statement B holds,
we must first show that if A holds, then B holds; then we must show that if B
holds then A holds. So, first we must establish that if V,(~(¢—~y)) =1, then
V,(¢)=1and V,(y) = 1. So, we begin by assuming that V,,(~(¢—~y)) =1,
and we then attempt to show that V,(¢) = 1 and V,(y) = 1. Well, since
V,(~(¢—~y)) =1, by definition of the valuation function, clause for ~, we
know that V,(¢—~y) = 0. Now, we earlier noted the principle that a wif
has one of the two truth values iff it lacks the other; thus, V,(J—~y) is noz 1.
(Henceforth I won’t mention it when I make use of this principle.) But then,
by the clause in the definition of V, for the —, we know that it’s not the case
that: either V,(¢) =0 or V,(~y)=1. So, V,(¢)=1and V,(~y)=0. From
the latter, by the clause for ~, we know that V,(y) = 1. So now we have what
we wanted: V,(¢)=1and V,(y)=1.

Next we must show thatif V,(¢) =1and V,(y) =1, then V,(~(f—~y)) =
1. This is sort of like undoing the previous half. Suppose that V,(¢) =1 and
V,(y)=1. Since V,(y) =1, by the clause for ~, V,(~y) = 0; but now since
V,(¢)=1and V,(~y)=0, by the clause for — we know that V,(f—~y)=0;
then by the clause for ~, we know that V,(~(¢—~y)) =1, which is what we
were trying to show. u

Example 2.1 is the first of many metalogic proofs we will be constructing in this
book. (The symbol mmarks the end of such a proof.) It is an informal argument,
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phrased in the metalanguage, which establishes a fact about a formal language.
As noted in section 1.3, metalogic proofs must be distinguished from proofs
in formal systems—from the derivations and truth trees of introductory logic,
and from the axiomatic and sequent proofs we will introduce below. Although
there are no explicit guidelines for how to present metalogic proofs, they are
generally given in a style that is common within mathematics. Constructing
such proofs can at first be difficult. I offer the following pointers. First, keep in
mind exactly what you are trying to prove. (In your first few proofs, it might
be a good idea to begin by writing down: “what I am trying to prove is...”.)
Second, keep in mind the definitions of all the relevant technical terms (the
definition of ¢Ay, for instance.) Third, keep in mind exactly what you are
given. (In the preceding, for example, the important bit of information you are
given is the definition of the valuation function; that definition tells you the
conditions under which valuation functions assign 1s and Os to negations and
conditionals.) Fourth, keep in mind the canonical methods for establishing
claims of various forms. (For example, if you want to show that a certain claim
holds for every two wifs, begin with “let ¢ and y be any wifs”; show that the
claim holds for ¢ and y; and conclude that the claim holds for all pairs of
wifs. If you want to establish something of the form “if A, then B”, begin by
saying “suppose A”, go on to reason your way to “B”, and conclude: “and so, if
A then B.” Often it can be helpful to reason by reductio ad absurdum: assume
the opposite of the assertion you are trying to prove, reason your way to a
contradiction, and conclude that the assertion is true since its opposite leads to
contradiction.) Fifth: practice, practice, practice. As we progress, I'll gradually
speed up the presentation of such proofs, omitting more and more details when
they seem obvious. You should feel free to do the same; but it may be best
to begin by constructing proofs very deliberately, so that later on you know
exactly what details you are omitting.

Let’s reflect on what we’ve done so far. We have defined the notion of a PL-
interpretation, which assigns 1s and Os to sentence letters of the formal language
of propositional logic. And we have also defined, for any PL-interpretation, a
corresponding PL-valuation function, which extends the interpretation’s as-
signment of 1s and Os to complex wifs of PL. Note that we have been informally
speaking of these assignments as assignments of truth values. That’s because
the assignment of 1s and Os to complex wffs mirrors the way complex natural
language sentences get their truth values, as a function of the truth values of
their parts. For example, the ~ of propositional logic is supposed to represent
the English phrase ‘it is not the case that’. Accordingly, just as an English
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sentence “It is not the case that ¢” is true iff ¢ is false, one of our valuation
functions assigns 1 to ~¢ iff it assigns 0 to ¢. But strictly, it’s probably best not
to think of wifs of our formal language as genuinely having truth values. They
don’t genuinely have meanings after all. Our assignments of 1 and 0 represent
the having of truth values.

A semantics for a formal language, recall, defines two things: configurations
and truth-in-a-configuration. In the propositional logic semantics we have
laid out, the configurations are the interpretation functions. A configuration is
supposed to represent a way for the world to be, plus the meanings of nonlogical
expressions. The only nonlogical expressions in PL are the sentence letters;
and, for the purposes of PL anyway, their meanings can be represented simply
as truth-values. And once we’ve specified a truth-value for each sentence letter,
we’ve already represented the world as much as we can in PL. Thus, PL-
interpretations are appropriate configurations. As for truth-in-a-configuration,
this is accomplished by the valuation functions. For any PL-interpretation,
its corresponding valuation function specifies, for each complex wff, what
truth value that wif has in that interpretation. Thus, for each wif (¢) and
each configuration (.#), we have specified the truth value of that wtf in that
configuration (V,(¢)).

Onward. We are now in a position to define the semantic versions of the
notions of logical truth and logical consequence for propositional logic. The
semantic notion of a logical truth is that of a valid formula:

DeriNtTION OF VALIDITY: A Wif ¢ is PL-valid iff for every PL-interpretation,

j’vﬂ(¢):1

We write “Fp ¢” for “¢ is PL-valid”. (When it’s obvious which system
we’re talking about, we’ll omit the subscript on F.) The valid formulas of
propositional logic are also called tautologies.

As for logical consequence, the semantic version of this notion is that of a
single formula’s being a semantic consequence of a set of formulas:

DEFINITION OF SEMANTIC CONSEQUENCE: A wif ¢ is a PL-semantic consequence
of a set of wifs I" iff for every PL-interpretation, .#, if V,(y) =1 for each y
such that y €T, then V,(¢) =1

That is, ¢ is a PL-semantic consequence of I' iff ¢ is true whenever each
member of I' is true. We write “I'Fp; ¢” for “¢ is a PL-semantic consequence
of I'”. (As usual we’ll often omit the “PL” subscript; and further, let’s improve
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readability by writing “¢,..., ¢, FE ¢” instead of “{¢,,..., ¢ } F ¢”. Thatis,
let’s drop the set braces when it’s convenient to do so.)

A related concept is that of sermantic equivalence. Formulas ¢ and ¢ are said to
be (PL-) semantically equivalent iff each (PL-) semantically implies the other.
For example, ¢—¢ and ~¢—~¢ are semantically equivalent. Notice that
we could just as well have worded the definition thus: semantically equivalent
formulas are those that have exactly the same truth value in every interpretation.
Thus, there is a sense in which semantically equivalent formulas “say the same
thing”: they have the same truth-conditional content.

Just as it’s probably best not to think of sentences of our formal language
as genuinely having truth values, it’s probably best not to think of them as
genuinely being logically true or genuinely standing in the relation of logi-
cal consequence. The notions we have just defined, of PL-validity and PL-
semantic-consequence, are just formal representations of logical truth and
logical consequence (semantically conceived). Indeed, the definitions we have
given are best thought of as representing, rather than really being, a semantics.
Further, when we get to formal provability, the definitions we will give are
probably best thought of as representing facts about provability, rather than
themselves defining a kind of provability. But forgive me if I sometimes speak
loosely as if formal sentences really do have these features, rather than just
representing them.

By the way, we can now appreciate why it was important to set up our
grammar so carefully. The valuation function assigns truth values to complex
formulas based on their form. One clause in its definition kicks in for atomic
wits, another clause kicks in for wifs of the form ~¢, and a third kicks in for
wifs of the form ¢—¢. This works only if each wif has exactly one of these
three forms; only a precise definition of wff guarantees this.

Exercise 2.1 Given the definitions of the defined symbols V and
«, show that for any PL-interpretation, .#, and any wifs ¢ and y,

V,(¢Vy)=1iff either V,(¢)=10r V,(y)=1
V(g x) = 1iff V() =V, (x)
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2.4 Establishing validity and invalidity in PL

Now that we have set up a semantics, we can establish semantic facts about
particular wifs. For example:

Example 2.2: Proof that Fp (P—Q)—(~Q—~P). To show a wff to be PL-
valid, we must show that it is true in every PL-interpretation. So, let .# be any
PL-interpretation, and suppose for reductio that V,((P—Q)—(~Q—~P)) =0.
This assumption leads to a contradiction, as the following argument shows:

1) V,((P—Q)—(~Q—~P))=0 (reductio assumption)

ii) So, by the definition of a valuation function, clause for the —, V,(P—Q) =
1 and...

iii) ...V, (~Q—~P)=0

iv) Given iii), again by the clause for the —, V,(~Q)=1and ...
V) ...V, (~P)=0

vi) Given iv), by the clause for the ~, V,(Q)=0.

vii) Similarly, v) tells us that V,(P)=1.

viii) From vii) and vi), by the clause for the — we know that V,,(P—Q) =0,
which contradicts line ii).

Here again we have given a metalogic proof: an informal mathematical ar-
gument establishing a fact about one of our formal languages. (The conclusion
of the argument was not sufficiently impressive to merit the m flourish at the
end.) There is nothing special about the form that this argument took. One
could just as well have established the fact that Fp; (P—Q)—(~Q—~P) by
constructing a truth table, as one does in introductory textbooks, for such a
construction is in effect a pictorial metalogic proof that a certain formula is
PL-valid.

Arguments establishing facts of semantic consequence are parallel (in this
example we will proceed more briskly):

Example 2.3: Proof that P—(Q—R)F Q—(P—R). We must show that in
any PL-interpretation in which P—(Q—R) is true, Q—(P—R) is true as well.
Let .# be any PL-interpretation; we then reason as follows:
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i) Suppose for reductio that V,(P—(Q—R)) =1 but...
ii) ...V, (Q—(P—R))=0. (From now on we’ll omit the subscripted .#.)

i) line ii) tells us that V(Q) = 1 and V(P—R) =0, and hence that V(R) =0.
So V(Q—R)=0.

iv) Since V(P—R) =0 (line iii)), V(P) = 1. So then, by iii), V(P—(Q—R)) =
0. This contradicts i).

One can also establish facts of invalidity and failures of semantic conse-
quence:

Example 2.4: Proof that ¥ ((PAR)—Q)—(R—Q). To be valid is to be true
in all interpretations; so to be invalid (i.e., not valid) is to be false in at least one
interpretation. So all we must do is find one interpretation in which this wtf
is false. Let .# be an interpretation such that .¢(R)=1and 4(P)=.4(Q)=0.
Then V,(PAR) =0 (example 2.1), so V,((PAR)—Q) = 1. But since V,(R) =1
and V,,(Q) =0, V,(R~Q) = 0. S0 V,((PAR)~Q)—+(R—Q)) =0

Example 2.5: Proof that P»RF (PVQ)—R. Consider a PL-interpretation
in which P and R are false, and in which Q is true. P—R is then true (since its
antecedent is false), but PVQ is true (since Q is true—see exercise 2.1) while R
is false, so (PVQ)—R is false.

I'll end this section by noting a certain fact about validity in propositional
logic: it is mechanically “decidable”. That is, a computer program could be
written that is capable of telling, for any given formula, whether or not that
formula is valid. The program would simply construct a complete truth table
for the formula in question. To give a rigorous proof of this fact would take us
too far afield, since we would need to give a rigorous definition of what counts
as a computer program, but the point is intuitively clear.

Exercise 2.2 Establish each of the following facts:
a) F[PA(QVR)] = [(PAQ)V(PAR)]
b) (P—Q)V(R—S)¥E PVR

¢) ~(PAQ)and ~PV~Q are semantically equivalent.




2.7 Soundness of PL and proof by induction

Note: the next three sections are more difficult than the preceding sections,
and may be skipped without much loss. If you decide to work through the
more difficult sections dealing with metalogic later in the book (for example
sections 6.5 and 6.6), you might first return to these sections.

In this chapter we have taken both a proof-theoretic and a semantic approach
to propositional logic. In each case, we introduced formal notions of logical
truth and logical consequence. For the semantic approach, these notions
involved truth in PL-interpretations. For the proof-theoretic approach, we
considered two formal definitions, one involving sequent proofs, the other
involving axiomatic proofs.

An embarrassment of riches! We have multiple formal accounts of our
logical notions. But in fact, it can be shown that a// three of our definitions yield
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exactly the same results. Here I’ll prove this just for the notion of a theorem
(last line of an axiomatic proof) and the notion of a valid formula (true in all
PL-interpretations). I'll do this by proving the following two statements:

Soundness of PL: Every PL-theorem is PL-valid
Completeness of PL: Every PL-valid wff is a PL-theorem

Soundness is pretty easy to prove; we'll do that in a moment. Completeness is
harder; we’ll prove that in section 2.9. Soundness and completeness together
tell us that PL-validity and PL-theoremhood exactly coincide.

But first a short detour: we need to introduce a method of proof that
is ubiquitous throughout metalogic (as well as mathematics generally), the
method of induction. The basic idea, in its simplest form, is this. Suppose we
have infinitely many objects lined up like this:

And suppose we want to show that each of these objects has a certain property.
How to do it?

The method of induction directs us to proceed in two steps. First, show
that the first object has the property:

® ° ° °

This is called the “base case” of the inductive proof. Next, show that quite
generally, whenever one object in the line has the property, then the next must
have the property as well. This is called the “inductive step” of the proof. The
method of induction then says: if you've established those two things, you can
go ahead and conclude that #// the objects in the line have the property. Why
is this conclusion justified? Well, since the first object has the property, the
second object must have the property as well, given the inductive step:

@ @® e o

But then another application of the inductive step tells us that the third object
has the property as well:

®© @ ® o
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And so on; all objects in the line have the property:
®©® ® ® ®

That is how induction works when applied to objects lined up in the manner
depicted: there is a first object in line; after each object there is exactly one
further object; and each object appears some finite number of jumps after the
first object. Induction can also be applied to objects structured in different
ways. Consider, for example, the following infinite grid of objects:

XX
HX

At the bottom of this grid there are three dots. Every pair of these three dots
combines to produce one new dot. (For example, the leftmost dot on the second
from the bottom level is produced by the leftmost two dots on the bottom
level.) The resulting three dots (formed from the three pairs drawn from the
three dots on the bottom level) form the second level of the grid. These three
dots on the second level produce the third level in the same way, and so on.
Suppose, now, that one could prove that the bottom three dots have some
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O O,
(This is the “base case”.) And suppose further that one could prove that when-
ever two dots with the property combine, the resulting dot also has the property
(“inductive step”). Then, just as in the previous example, induction allows us

to conclude that all the dots in the grid have the property. Given the base case
and the inductive step, we know that the dots on the second level of the grid

have the property:
@><@>< O]

But then, given the inductive step, we know that the dots on the third level
have the property. And so on, for all the other levels.

In general, induction is a method for proving that each member of a certain
collection of objects has a property. It works when (but only when) each object
in the collection results from some “starting objects” by a finite number of
iterations of some “operations”. In the base case one proves that the starting

property:
(]
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objects have the property; in the induction step one proves that the operations
preserve the property, in the sense that whenever one of the operations is applied
to some objects with the property, the resulting new object has the property as
well; and finally one concludes that all objects have the property.

This idea manifests itself in logic in a few ways. One is in a style of proof
sometimes called “induction on formula construction” (or: induction “on the
number of connectives” of the formula). Suppose we want to establish that
absolutely every wif has a certain property, p. The method of proof by induction
on formula construction tells us to first establish the following two claims:

b) every atomic wif (i.e. every sentence letter) has property p

i) for any wifs ¢ and ¢, if both ¢ and ¢ have property p, then the wifs ~¢
and ¢— ¢ also have property p

Once these are established, proof by induction allows us to conclude that every
wif has property p. Why is this conclusion justified? Recall the definition
of a wif from section 2.1: each wit is built up from atomic wffs by repeated
application of clause ii): “if ¢ and ¢ are wifs then ~¢ and ¢— ¢ are also wifs”.
So each wff is the culmination of a finite process that starts with atomic wffs and
continues by building conditionals and negations from wffs formed in previous
steps of the process. But claim b) (the base case) shows that the starting points
of this process all have property p. And claim i) (the induction step) shows that
the subsequent steps in this process preserve property p: if the formulas one has
built up so far have property p, then the next formula in the process (built up of
previous formulas using either — or ~) is guaranteed to also have p. So all wifs
have property p. In terms of the general idea of inductive proof, the atomic
wifs are our “starting objects” (like the bottom three dots in the grid), and the
rules of grammar for ~ and — which generate complex wifs from simpler wifs
are the “operations”.
Here is a simple example of proof by induction on formula construction:

Proof that every wff contains a finite number of sentence letters. We are trying to
prove a statement of the form: every wif has property p. The property p
in this case is having a finite number of different sentence letters. Our proof has
two separate steps:

base case: here we must show that every atomic sentence has the property.
This is obvious—atomic sentences are just sentence letters, and each of them
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contains one sentence letter, and thus finitely many different sentence letters.
induction step: here we must show that if wifs ¢ and ¢ have property p, then
so do ~¢ and ¢—¢. So we begin by assuming:

formulas ¢ and ¢ each have finitely many different sentence letters  (ih)

This assumption is often called the “inductive hypothesis”. And we must go on
to show that both ~¢ and ¢—¢ have finitely many different sentence letters.
This, too, is easy. ~¢ has as many different sentence letters as does ¢; since ih)
tells us that ¢ has finitely many, then so does ~¢. As for ¢— ¢, it has, at most,
n + m sentence letters, where n» and m are the number of different sentence
letters in ¢ and ¢/, respectively; ih) tells us that 7 and 7 are finite, and so 7+ m
is finite as well.

We’ve shown that every atomic formula has the property baving a finite
number of different sentence letters; and we’ve shown that the property is inherited
by complex formulas built according to the formation rules. But every wif is
either atomic, or built from atomics by a finite series of applications of the
formation rules. Therefore, by induction, every wff has the property. u

A different form of inductive proof is called for in the following proof of
soundness:

Proof of soundness for PL. Unlike the previous inductive proof, here we are not
trying to prove something of the form “Every wtf has property p”. Instead,
we're trying to prove something of the form “Every theorem has property p”.
Nevertheless we can still use induction, only we need to use induction of a
slightly different sort from induction on formula construction. Consider: a
theorem is any line of a proof. And every line of every proof is the culmination
of a finite series of wifs, in which each member is either an axiom, or follows
from earlier lines by modus ponens. So the conditions are right for an inductive
proof. The “starting points” are the axioms; and the “operation” is the inference
of a new line from earlier lines using modus ponens. If we can show that the
starting points (axioms) have the property of validity, and that the operation
(modus ponens) preserves the property of validity, then we can conclude that
every wif in every proof—i.e., every theorem—has the property of validity.
This sort of inductive proof is called induction “on the proof of a formula” (or
induction “on the length of the formula’s proof™).

base case: here we need to show that every PL-axiom is valid. This is
tedious but straightforward. Take PL1, for example. Suppose for reduc-
tio that some instance of PL1 is invalid, i.e., for some PL-interpretation .#,
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V,(p—(¢—¢)) = 0. Thus, V,(¢) = 1 and V,(¢y—¢) = 0. Given the latter,
V,(¢) = 0—contradiction. Analogous proofs can be given that instances of
PL2 and PL3 are also valid (exercise 2.5).

induction step: here we begin by assuming that every line in a proof up to
a certain point is valid (the “inductive hypothesis”); we then show that if one
adds another line that follows from earlier lines by the rule modus ponens, that
line must be valid too. I.e., we’re trying to show that “modus ponens preserves
validity”. So, assume the inductive hypothesis: that all the earlier lines in the
proof are valid. And now, consider the result of applying modus ponens. That
means that the new line we’ve added to the proof is some formula ¢, which
we’ve inferred from two earlier lines that have the forms ¢—¢ and ¢. We
must show that ¢ is a valid formula, i.e., is true in every interpretation. So
let . be any interpretation. By the inductive hypothesis, all earlier lines in
the proof are valid, and hence both ¢—¢ and ¢ are valid. Thus, V,(¢) =1
and V,(¢p—¢) = 1. Butif V,(¢) = 1 then V,(¢) can’t be 0, for if it were, then
V,(¢—¢) would be 0, and it isn’t. Thus, V,(¢) = 1.

(If our system had included rules other than modus ponens, we would have
needed to show that they too preserve validity. The paucity of rules in axiomatic
systems makes the construction of proofs within those systems a real pain in
the neck, but now we see how it makes metalogical life easier.)

We’ve shown that the axioms are valid, and that modus ponens preserves
validity. All theorems are generated from the axioms via modus ponens in a
finite series of steps. So, by induction, every theorem is valid. [

One nice thing about soundness is that it lets us establish facts of unprov-
ability. Soundness says “if - ¢ then F ¢”. Equivalently, it says: “if ¥ ¢ then
¥ ¢”. So, to show that something isn’t a theorem, it suffices to show that it
isn’t valid. Consider, for example, the formula (P—Q)—(Q—P). There exist
PL-interpretations in which the formula is false, namely, PL-interpretations in
which P is 0 and Q is 1. So, (P—Q)—(Q—P) is not valid (since it’s not true
in all PL-interpretations.) But then soundness tells us that it isn’t a theorem
either. In general: given soundness, in order to show that a formula isn’t a
theorem, all you need to do is find an interpretation in which it isn’t true.

Before we leave this section, let me reiterate the distinction between the
two types of induction most commonly used in metalogic. Induction on the
proof of a formula (the type of induction used to establish soundness) is used
when one is establishing a fact of the form: every theorem has a certain property
p. Here the base case consists of showing that the axioms have the property p,
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and the inductive step consists of showing that the rules of inference preserve
p—i.e., in the case of modus ponens: that if ¢ and ¢—¢ both have property
p then so does ¢. (Induction on proofs can also be used to show that all wffs
provable from a given set I' have a given property; in that case the base case
would also need to include a demonstration that all members of I" have the
property.) Induction on formula construction (the type of induction used to
show that all formulas have finitely many sentence letters), on the other hand,
is used when one is trying to establish a fact of the form: every formula has
a certain property p. Here the base case consists of showing that all sentence
letters have property p; and the inductive step consists of showing that the
rules of formation preserve p—i.e., that if ¢ and ¢ both have property p, then
both (¢—¢) and ~¢ also will have property p.

If you’re ever proving something by induction, it’s important to identify
what sort of inductive proof you’re constructing. What are the entities you’re
dealing with? What is the property p? What are the starting points, and what
are the operations generating new entities from the starting points? If you’re
trying to construct an inductive proof and get stuck, you should return to these
questions and make sure you’re clear about their answers.
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Exercise 2.5 Finish the soundness proof by showing that all in-
stances of axiom schemas PL2 and PL3 are valid.

Exercise 2.6 Consider the following (strange) system of propo-
sitional logic. The definition of wffs is the same as for standard
propositional logic, and the rules of inference are the same (just one
rule: modus ponens); but the axioms are different. For any wifs ¢
and ¢, the following are axioms:

P—¢
(—=d)—(d—¢)

Establish the following two facts about this system: (a) every the-
orem of this system has an even number of “~”s; (b) soundness is

false for this system—i.e., some theorems are not valid formulas.

Exercise 2.7 Show by induction that the truth value of a wff de-
pends only on the truth values of its sentence letters. That is,
show that for any wff ¢ and any PL-interpretations .¢ and .9/, if
S (a) = #'(a) for each sentence letter a in ¢, then V,(¢) = V(o).

Exercise 2.8** Suppose that a wif ¢ has no repetitions of sentence
letters (i.e., each sentence letter occurs at most once in ¢.) Show

that ¢ is not PL-valid.

Exercise 2.9 Prove “strong soundness”: for any set of formulas, I,
and any formula ¢, if 'k ¢ then T F ¢ (i.e., if ¢ is provable from
I" then ¢ is a semantic consequence of I'.)

Exercise 2.10** Prove the soundness of the sequent calculus. That
is, show that if I' => ¢ is a provable sequent, then I' F ¢. (No need
to go through each and every detail of the proof once it becomes
repetitive.)
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2.9 Completeness of PL

We’re finally ready for the completeness proof. We will give what is known as a
“Henkin-proot”, after Leon Henkin, who used similar methods to demonstrate
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completeness for (nonmodal) predicate logic. Most of the proof will consist of
assembling various pieces—various definitions and facts. The point of these
pieces will become apparent at the end, when we put them all together.

2.9.1 Maximal consistent sets of wifs

Let “L” abbreviate “~(P—P)”. (The idea of L is that it stands for a generic
contradiction. The choice of ~(P—P) was arbitrary; all that matters is that L
is the negation of a theorem.) Here are the central definitions we’ll need:

DEFINITION OF CONSISTENCY AND MAXIMALITY:

- A set of wifs, I', is inconsistent iff I' F L. T is consistent iff it is not
inconsistent

- A set of wifs, T', is maximal iff for every witf ¢, either ¢ or ~¢ (or perhaps
both) is a member of I'

Intuitively: a maximal set is so large that it contains each formula or its negation;
and a consistent set is one from which you can’t prove a contradiction. Note
the following lemmas:

Lemma 2.1 For any set of wifs I" and wif ¢, if ¢ is provable from I then ¢ is
provable from some finite subset of I'. That s, if I' - ¢ then y, ...y, F ¢ for
some y,...y, €L (or else F &)

Proof. If T ¢ then there is some proof, A, of ¢ from I'. Like every proof,
A is a finite series of wifs. Thus, only finitely many of I''s members can have
occurred as lines in A. Let y, ...y, be those members of I'". (If no member of
I" occurs in A then A proves ¢ from no premises at all, in which case - ¢.) In
addition to counting as a proof of ¢ from I', proof A is also a proof of ¢ from

{vi-..7,} Thus, v,...7, - ¢. ]

Lemma 2.2 For any set of wifs I', if I' - ¢ and I' - ~¢ for some ¢ then I' is
inconsistent

Proof. Follows immediately from ex falso quodlibet (example 2.11) and Cut. =

Note that the first lemma tells us that a set is inconsistent iff some finite subset
of that set is inconsistent.
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2.9.2 Maximal consistent extensions

Suppose we begin with a consistent set A that isn’t maximal—for at least one
wif ¢, A contains neither ¢ nor ~¢. Is there some way of adding wifs to A to
make it maximal, without destroying its consistency? That is, is A guaranteed
to have some maximal consistent “extension”? The following theorem tells us
that the answer is yes:

Theorem 2.3 If A is a consistent set of wffs, then there exists some maximal
consistent set of wifs, I', such that ACT

Proof of Theorem 2.3. In outline, we’re going to build up I" as follows. We’re
going to start by dumping all the formulas in A into I". Then we will go through
all the wifs, ¢, ¢,,..., one at a time. For each wif, we’re going to dump either
it or its negation into I', depending on which choice would be consistent. After
we’re done, our set I' will obviously be maximal; it will obviously contain A as
a subset; and, we’ll show, it will also be consistent.

So, let ¢,, &,,... be a list—an infinite list, of course—of all the wffs.!® To

10We need to be sure that there is some way of arranging all the wffs into such a list. Here is
one method. First, begin with a list of the primitive expressions of the language. In the case of
PL this can be done as follows:

(

) ~ —> P D
1 2 3 4 6

5

(For simplicity, get rid of all the sentence letters except for P, P,,....) Since we’ll need to
refer to what position an expression has in this list, the positions of the expressions are listed
underneath those expressions. (E.g., the position of the — is 4.) Now, where ¢ is any wif,
call the rating of ¢ the sum of the positions of the occurrences of its primitive expressions.
(The rating for the wff (P,—P,), for example, is 1 +5+4+5+2 =17.) We can now construct
the listing of all the wifs of PL by an infinite series of stages: stage 1, stage 2, etc. In stage
n, we append to our growing list all the wifs of rating », in alphabetical order. The notion of
alphabetical order here is the usual one, given the ordering of the primitive expressions laid
out above. (E.g., just as ‘and’ comes before ‘dna’ in alphabetical order, since ‘a’ precedes ‘d’
in the usual ordering of the English alphabet, (P,—P,) comes before (P,—P;) in alphabetical
order since P; comes before P, in the ordering of the alphabet of PL. Note that each of these
wifs are inserted into the list in stage 18, since each has rating 18.) In stages 1—4 no wffs are
added at all, since every wif must have at least one sentence letter and P, is the sentence letter
with the smallest position. In stage § there is one wif: P,. Thus, the first member of our list
of wifs is P;. In stage 6 there is one wif: P,, so P, is the second member of the list. In every
subsequent stage there are only finitely many wifs; so each stage adds finitely many wifs to
the list; each wif gets added at some stage; so each wif eventually gets added after some finite
amount of time to this list.
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construct I, our strategy is to start with A, and then go through this list one-
by-one, at each point adding either ¢. or ~¢.. Here’s how we do this more
carefully. We first define an infinite sequence of sets, I';,I';,...:

I,=A

r,u{s,..} ifI',U{¢,  }is consistent
G I, U{~¢,. .} if[,U{¢, . }isnotconsistent

This definition is recursive, notice. We begin with a noncircular definition
of the first member of the sequence of sets, Iy, and after that, we define each
subsequent member I, | in terms of the previous member I',: we add ¢, to
I, if the result of doing so would be consistent; otherwise we add ~¢,,, ;.

Next let’s prove that each member in this sequence—that is, each I',—is a
consistent set. We do this inductively, by first showing that I, is consistent, and
then showing thatif I, is consistent, then so will be I', ;. This is a different sort
of inductive proof from what we’ve seen so far, neither an induction on formula
construction nor on formula proof. Nevertheless we have the required structure
for proof by induction: each of the objects of interest (the I';s) is generated
from a starting point (I'y) by a finite series of operations (the operation taking
us fromI', to T, ;).

Base case: obviously, I'; is consistent, since A was stipulated to be consistent.

Inductive step: we suppose that I', is consistent (inductive hypothesis), and
then show that I’ | is consistent. Look at the definition of I, ;. What ", ,
gets defined as depends on whether I', U {¢, .} is consistent. If I, U{¢, .}
is consistent, then ', gets defined as that very setI', U {¢,_,}. So of course
I',., is consistent in that case.

The remaining possibility is that I, U{¢, .} is inconsistent. In that case,
I, getsdefinedas',U{~e, ,}. So must show thatin this case, I',U{~¢, .}
is consistent. Suppose for reductio that it isn’t. Then L is provable from
I',U{~¢,. }, and so given lemma 2.1 is provable from some finite subset
of this set; and the finite subset must contain ~¢, ,, since I', was consistent.
Letting ¢,...¢,, be the remaining members of the finite subset, we have,
then: ¢,...¢, ,~¢,  F L, from which we get ¢,...¢, F~¢, . —L by the
deduction theorem. Since I', U {¢,_,} is inconsistent, similar reasoning tells
us that y, ...y, F ¢,,,—L, for some y,... y, €T,. It then follows by “ex-
cluded middle MP” (example 2.11) and Cut that ¢,...¢_, x,... x, I L. Since

1.t X1+ X, are all members of T, this contradicts the fact that T, is
consistent.
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We have shown that all the sets in our sequence I'; are consistent. Let
us now define I' to be the union of all the sets in the infinite sequence—i.e.,
{d: ¢ T, for some i}. We must now show that I is the set we’re after: that i)
A CT,ii) I' is maximal, and iii) I is consistent.

Any member of A is a member of I, (since I'y was defined as A), hence is a
member of one of the I';s, and hence is a member of I'. So A CT.

Any wif is in the list of all the wifs somewhere—i.e., itis ¢, for some i. But
by definition of I';, either ¢, or ~¢, is a member of I';; and so one of these is a
member of I'. T is therefore maximal.

Suppose for reductio that I is inconsistent. Given lemma 2.1, there exist
¢y...¢, € such that ¢,...¢4  + L. By definition of T, each ¢, € T, , for
some j;. Let k be the largest of /,...,,. Given the way the I';,I",... series is
constructed, each set in the series is a subset of all subsequent ones. Thus, each
of ¢,...¢,, isamember of I',, and thus I, is inconsistent. But we showed that
each member of the series I',I';,... is consistent. [

2.9.3 Features of maximal consistent sets

Next we’ll establish two facts about maximal consistent sets that we’ll need for
the completeness proof:

Lemma 2.4 Where I is any maximal consistent set of wifs:
2.4a for any wif ¢, exactly one of ¢, ~¢ is a member of I
24b p—¢ el iffeither p¢Tor g€l

Proof of Lemma 2.4a. Since I" is maximal it must contain at least one of ¢ or
~¢. But it cannot contain both; otherwise each would be provable from T’,
whence by lemma 2.2, I" would be inconsistent. u

Proof of Lemma 2.4b. Suppose first that ¢—¢ is in I, and suppose for reductio
that ¢ is in I' but ¢ is not. Then we can prove ¢ from I' (begin with ¢ and
¢—¢ as premises, and then use MP). But since ¢ ¢ I' and I is maximal, ~¢
is in I', and hence is provable from I". Given lemma 2.2, this contradicts I'’s
consistency.

Suppose for the other direction that either ¢ ¢ I" or ¢ €T’, and suppose for
reductio that g—¢ ¢ T'. Since I is maximal, ~(¢—¢) €. ThenI'F ~(p—¢),
and so by “negated conditional” (example 2.11) and Cut, I'F ¢ and I' - ~¢).
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Now, if ¢ ¢ I' then ~¢ €' and so I' F ~¢; and if on the other hand ¢ €T then
I'F ¢. Each possibility contradicts I's consistency, given lemma 2.2. n

2.9.4 The proof

Now it’s time to put together all the pieces that we’ve assembled.

Proof of PL completeness. Completeness says: if F ¢ then F . We’ll prove this
by proving the equivalent statement: if ¥ ¢ then ¥ ¢. So, suppose that ¥ ¢.
We must construct some PL-interpretation in which ¢ isn’t true.

Since ¥ ¢, {~c} must be consistent. For suppose otherwise. Then ~¢ |- L;
so F ~¢d—_1 by the deduction theorem. That is, given the definition of L:
F ~@—~(P—P). Then by contraposition 1 (example 2.11), - (P—P)—¢. But
F P—P (exercise 2.4a), and so - ¢—contradiction.

Since {~¢} is consistent, theorem 2.3 tells us that it is a subset of some
maximal consistent set of wffs I'. Next, let’s use I" to construct a somewhat odd
PL-interpretation. This PL-interpretation decides whether a sentence letter
is true or false by looking to see whether that sentence letter is @ member of T'.
What we will do next is show that #// formulas, not just sentence letters, are
true in this odd interpretation iff they are members of I'.

So, let .# be the PL-interpretation in which for any sentence letter «,
S(a)=11ff  €T". We must show that:

for every wif ¢, V() =1iff €T )

We do this by induction on formula construction. The base case, that the

assertion holds for sentence letters, follows immediately from the definition of

#. Next we make the inductive hypothesis (ih): that wifs ¢ and ¢ are true in .¢

iff they are members of I', and we show that the same is true of ~¢ and ¢—¢.
First, ~: we must show that V,(~¢) =1 iff ~¢ € I:!!

V,(~¢)=1iff V() =0 (truth cond. for ~)
iff ¢TI (ih)
iff ~ €T (lemma 2.4a)

THere we continue to use the fact that a formula has one truth value iff it lacks the other.
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Next, —: we must show that V,(¢p—¢)=1iff p—¢ €T":

V,(¢—) = 1iff either V,($)=00r V,(¢)=1  (truth cond for —)
iff either ¢ T or g €T (ih)
iff o> el (lemma 2.4b)

The inductive proof of (*) is complete. But now, since {~¢} CT', ~¢ €T,
and so by lemma 2.4a, ¢ ¢ I'. Thus, by (*), ¢ is not true in .#. So we have
succeeded in constructing an interpretation in which ¢ isn’t true.

]



Chapter 6

Propositional Modal Logic

oDAL LoGIC is the logic of necessity and possibility. In it we treat “modal”
words like ‘necessary’, ‘possible’, ‘can’, and ‘must’ as logical constants.
Our new symbols for these words are called “modal operators”:

O¢: “Itis necessary that ¢” (or: “Necessarily, ¢”, “It must be that ¢”)

O “Itis possible that ¢” (or: “Possibly, ¢”, “It could be that ¢”, “It can be
that ¢”, “It might be that ¢”, “it might have been that ¢”)

It helps to think of modality in terms of possible worlds. A possible world is a
complete and possible scenario. Calling a scenario “possible” means simply that
it’s possible in the broadest sense for the scenario to happen. This requirement
disqualifies scenarios in which, for example, it is both raining and also not
raining (at the same time and place)—such a thing couldn’t happen, and so
doesn’t happen in any possible world. But within this limit, we can imagine all
sorts of possible worlds: possible worlds with talking donkeys, possible worlds
in which I am ten feet tall, and so on. “Complete” means simply that no detail is
left out—possible worlds are completely specific scenarios. There is no possible
world in which I am “somewhere between ten and eleven feet tall” without
being some particular height.! Likewise, in any possible world in which I am
exactly ten feet, six inches tall (say), I must have some particular weight, must
live in some particular place, and so on. One of these possible worlds is the
actual world—this is the complete and possible scenario that in fact obtains.

I'This is not to say that possible worlds exclude vagueness.

171
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The rest of them are merely possible—they do not obtain, but would have
obtained if things had gone differently. In terms of possible worlds, we can
think of our modal operators thus:

“O¢” is true iff ¢ is true in 4/l possible worlds

“O@” is true iff @ is true in at least one possible world

It is necessarily true that all bachelors are male; in every possible world, every
bachelor is male. There might have existed a talking donkey; some possible
world contains a talking donkey.

Possible worlds provide, at the very least, a vivid way to think about necessity
and possibility. How much more they provide is an open philosophical question.
Some maintain that possible worlds are the key to the metaphysics of modality,
that what it is for a proposition to be necessarily true is for it to be true in all
possible worlds.? Whether this view is defensible is a question beyond the
scope of this book; what is important for present purposes is that we distinguish
possible worlds as a vivid heuristic from possible worlds as a concern in serious
metaphysics.

Natural language modal words are semantically flexible in a systematic way.
For example, suppose I say that I can’t attend a certain conference in Cleveland.
What is the force of “can’t” here? Probably I’'m saying that my attending the
conference is inconsistent with honoring other commitments I’'ve made at
that time. But notice that another sentence I might utter is: “I could attend
the conference; but I would have to cancel my class, and I don’t want to do
that.” Now I've said that I caz attend the conference; have I contradicted my
earlier assertion that I cannot attend the conference? No—what I mean now is
perhaps that I have the means to get to Cleveland on that date. I have shifted
what I mean by “can”.

In fact, there is quite a wide range of things one can mean by words for

possibility:
I can come to the party, but I can’t stay late. (“can” = “is
not inconvenient”)

Humans can travel to the moon, but not Mars. (“can” = “is
achievable with current technology”)

?Sider (2003) presents an overview of this topic.
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It’s possible to move almost as fast as the speed of light, but
not to travel faster than light. (“possible” = “is consistent
with the laws of nature”)

Objects could have traveled faster than the speed of light (if
the laws of nature had been different), but no matter what
the laws had been, nothing could have traveled faster than
itself. (“could” = “metaphysical possibility”)

You may borrow but you may not steal. (“may” = “morally
acceptable”)

It might rain tomorrow (“might” = “epistemic possibil-
ity”)

For any strength of possibility, there is a corresponding strength of necessity,
since “necessarily ¢” is equivalent to “not-possibly-not-¢”. (Similarly, “possibly
@” is equivalent to “not-necessarily-not-¢”.) So we have a range of strengths
of necessity as well: natural necessity (guaranteed by the laws of nature), moral
or “deontic” necessity (required by morality), epistemic necessity (“known to
be true”) and so on.

Some sorts of necessity imply truth; those that do are called “alethic” neces-
sities. For example, if P is known then P is true; if it is naturally necessary that
massive particles attract one another, then massive particles do in fact attract
one another. Epistemic and natural necessity are alethic. Deontic necessity, on
the other hand, is not alethic; we do not always do what is morally required.

As we saw, we can think of the O and the < as quantifiers over possible
worlds (the former a universal quantifier, the latter an existential quantifier).
This idea can accommodate the fact that necessity and possibility come in
different strengths: those different strengths result from different restrictions
on the quantifiers over possible worlds. Thus, natural possibility is truth in
some possible world that obeys the actual world’s laws; deontic possibility is
truth in some possible world in which nothing morally forbidden occurs; and

SO 01’1.3

This raises a question, though: to what strength of ‘necessary’ and ‘possible’ does the
notion of possible world itself correspond? Is there some special, strictest notion of necessity,
which can be thought of as truth in absolutely all possible worlds? Or do we simply have
different notions of possible world corresponding to different strengths of necessity?
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6.1 Grammar of MPL

Our first topic in modal logic is the addition of the O and the < to propositional
logic; the result is mzodal propositional logic (“MPL”). A further step will be modal
predicate logic (chapter 9).

We need a new language: the language of MPL. The grammar of this
language is just like the grammar of propositional logic, except that we add the
O as a new one-place sentence connective:

PRIMITIVE VOCABULARY:

- Sentence letters: P,Q,R..., with or without numerical subscripts
- Connectives: —, ~, O

. Parentheses: (,)

DEFINITION OF WFF:

- Sentence letters are wifs
- If ¢ and ¢ are wifs then (¢—¢), ~¢, and O¢ are also wifs

- Only strings that can be shown to be wffs using the preceding clauses are
wifs

The O is the only new primitive connective. But just as we were able to
define A, V, and «—, we can define new nonprimitive modal connectives:

- “O¢d” (“Possibly ¢”) is short for “~O~g”
- “P3¢” (“¢ strictly implies ¢”) is short for “O(d—¢)”

6.2 Symbolizations in MPL

Modal logic allows us to symbolize a number of sentences we couldn’t symbolize
before. The most obvious cases are sentences that overtly involve “necessarily”,
“possibly”, or equivalent expressions:

Necessarily, if snow is white, then snow is white or grass
1s green
O[S—(SVG)]
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I'll go if I must
0G—-G

It is possible that Bush will lose the election
OL

Snow might have been either green or blue
O(GVB)

If snow could have been green, then grass could have
been white
OG—-OW

‘Impossible’ and related expressions signify the lack of possibility:

It is impossible for snow to be both white and not white
~O(WA~W)

If grass cannot be clever then snow cannot be furry
~OC—H~OF

God’s being merciful is inconsistent with your imper-
fection being incompatible with your going to heaven
~O(MA~S(IAH))

As for the strict conditional, it arguably does a decent job of representing
certain English conditional constructions:

Snow is a necessary condition for skiing
~W3~K

Food and water are required for survival
~(FAW)-3~S§

Thunder implies lightning
T=L

Once we add modal operators, we can make an important distinction in-
volving modal conditionals in natural language. Consider the sentence “if Jones
is a bachelor, then he must be unmarried”. The surface grammar misleadingly
suggests the symbolization:

B—-0OU
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But suppose that Jones is in fact a bachelor. It would then follow from this
symbolization that the proposition that Jones is unmarried is necessarily true.
But nothing we have said suggests that Jones is necessarily a bachelor. Surely
Jones could have been married! In fact, one would normally 7ot use the sentence
“if Jones is a bachelor, then he must be unmarried” to mean that if Jones is in fact
a bachelor, then the following is a necessary truth: Jones is unmarried. Rather,
one would mean: necessarily, if Jones is a bachelor then Jones is unmarried:

(B—V)

It is the relationship between Jones’s being a bachelor and his being unmarried
that is necessary. Think of this in terms of possible worlds: the first symboliza-
tion says that if Jones is a bachelor in the actual world, then Jones is unmarried
in every possible world (which is absurd); whereas the second one says that in
each possible world, w, if Jones is a bachelor iz w, then Jones is unmarried i
w (which is quite sensible). The distinction between ¢p—0¢ and O(p—¢) is
called the distinction between the “necessity of the consequent” (first sentence)
and the “necessity of the consequence” (second sentence). It is important to
keep the distinction in mind, because of the fact that English surface structure
is misleading.

One final point: when representing English sentences using the O and
the ©, keep in mind that these expressions can be used to express different
strengths of necessity and possibility. (One could introduce different symbols
for the different sorts; we’ll do a bit of this in chapter 7.)

6.3 Semantics for MPL

As usual, we’ll consider semantics first. We’ll show how to construct mathe-
matical configurations in a way that’s appropriate to modal logic, and show
how to define truth for formulas of MPL within these configurations. Ideally,
we’d like the assignment of truth values to wffs to mirror the way that natural
language modal statements are made true by the real world, so that we can
shed light on the meanings of natural language modal words, and in order to
provide plausible semantic models of the notions of logical truth and logical
consequence.

In constructing a semantics for MPL, we face two main challenges, one
philosophical, the other technical. The philosophical challenge is simply that
it isn’t wholly clear which formulas of MPL are indeed logical truths. It’s hard
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to construct an engine to spit out logical truths if you don’t know which logical
truths you want it to spit out. With a few exceptions, there is widespread
agreement over which formulas of nonmodal propositional and predicate logic
are logical truths. But for modal logic this is less clear, especially for sentences
that contain iterations of modal operators. Is OP—0O0OP a logical truth? It’s
hard to say.

A quick peek at the history of modal logic is in order. Modal logic arose
from dissatisfaction with the material conditional — of standard propositional
logic. In standard logic, ¢—¢ is true whenever ¢ is false or ¢ is true; but in
expressing the conditionality of ¢ on ¢, we sometimes want to require a tighter
relationship: we want it not to be a mere accident that either ¢ is false or ¢
is true. "To express this tighter relationship, C. I. Lewis introduced the strict
conditional ¢3¢, which he defined, as above, as O(¢—¢).* Thus defined,
-3¢ isn’t automatically true just because ¢ is false or ¢ is true. It must be
necessarily true that either ¢ is false or ¢ is true.

Lewis then asked: what principles govern this new symbol O? Certain
principles seemed clearly appropriate, for instance: O(¢—¢)—(0¢p—0¢).
Others were less clear. Is 0p—00¢ a logical truth? What about ¢O¢—¢?

Lewis’s solution to this problem was not to choose. Instead, he formulated
several different mzodal systems. He did this axiomatically, by formulating differ-
ent systems that differed from one another by containing different axioms and
hence different theorems.

We will follow Lewis’s approach, and construct several different modal
systems. Unlike Lewis, we’ll do this semantically at first (the semantics for
modal logic we will study was published by Saul Kripke in the 1950s, long
after Lewis was writing), by constructing different definitions of a model for
modal logic. The definitions will differ from one another in ways that result
in different sets of valid formulas. In section 6.4 we’ll study Lewis’s axiomatic
systems, and in sections 6.5 and 6.6 we’ll discuss the relationship between the
semantics and the axiom systems.

Formulating multiple systems does not answer the philosophical question
of which formulas of modal logic are logically true; it merely postpones it.
The question re-arises when we want to #pply Lewis’s systems; when we ask
which system is the correct system—i.e., which one correctly mirrors the logical
properties of the English words ‘possibly’ and ‘necessarily’? (Note that since
there are different sorts of necessity and possibility, different systems might

*See Lewis (1918); Lewis and Langford (1932).
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correctly represent different sorts.) But I'll mostly ignore such philosophical
questions here.

The technical challenge to constructing a semantics for MPL is that the
modal operators O and < are not truth functional. A sentential connective is
truth-functional iff whenever it combines with sentences to form a new sentence,
the truth value of the resulting sentence is determined by the truth values of the
component sentences. For example, ‘it is not the case that’ is truth-functional
because the truth value of “it is not the case that ¢” is determined by the truth
value of ¢. But ‘necessarily’ is not truth-functional. If I tell you that ¢ is true,
you won’t yet have enough information to determine whether “Necessarily
@” is true or false, since you won’t know whether ¢ is necessarily true or
merely contingently true. Here’s another way to put the point: even though
the sentences “If 'Ted is a philosopher then "Ted is a philosopher” and “Ted is a
philosopher” have the same truth value, if you prefix each with ‘Necessarily’
(intended to mean metaphysical necessity, say), you get sentences with different
truth values. Hence, the truth value of “Necessarily ¢” is not a function of
the truth value of ¢. Similarly, ‘possibly’ isn’t truth-functional either: ‘I might
have been six feet tall’ is true, whereas ‘I might have been a round square’ is
false, despite the sad fact that ‘I am six feet tall’ and ‘T am a round square’ have
the same truth value.

Since the O and the < are supposed to represent ‘necessarily’ and ‘possibly’,
and since the latter aren’t truth-functional, we can’t do modal semantics with
truth tables. For the method of truth tables assumes truth-functionality. Truth
tables are just pictures of truth functions: they specify what truth value a
complex sentence has as a function of what truth values its parts have. Our
challenge is clear: we need a semantics for the O and the < other than the
method of truth tables.

6.3.1 Kripke models

Our approach will be that of possible-worlds semantics. The intuitive idea is to
count O¢ as being true iff ¢ is true in all possible worlds, and ¢ ¢ as being true
iff ¢ is true in some possible worlds. More carefully: we are going to develop
models for modal propositional logic. These models will contain objects we
will call “possible worlds”. And formulas are going to be true or false “in” (or
“at”) these worlds. That is, we are going to assign truth values to formulas in
these models relative to possible worlds, rather than absolutely. Truth values of
propositional-logic compound formulas—that is, negations and conditionals—
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will be determined by truth tables within each world; ~¢, for example, will be
true at a world iff ¢ is false at that world. But the truth value of O¢ at a world
won’t be determined by the truth value of ¢ at that world; the truth value of ¢
at other worlds will also be relevant.

Specifically, O¢ will count as true at a world iff ¢ is true at every world
that is “accessible” from the first world. What does “accessible” mean? Each
model will come equipped with a binary relation, 2, over the set of possible
worlds; we will say that world v is “accessible from” world w when Zwv. The
intuitive idea is that Z wo if and only if v is possible relative to w. That is, if you
live in world w, then from your perspective, the events in world v are possible.

The idea that what is possible might vary depending on what possible
world you live in might at first seem strange, but it isn’t really. “It is physically
impossible to travel faster than the speed of light” is true in the actual world,
but false in worlds where the laws of nature allow faster-than-light travel.

On to the semantics. We first define a generic notion of an MPL model,
which we’ll then use to give a semantics for different modal systems:

DerinrTioN oF MODEL: An MPL-model is an ordered triple, (#/,2,.4), where:

- W is a non-empty set of objects (“possible worlds”)
- A is a binary relation over # (“accessibility relation”)

- £ is a two-place function that assigns O or 1 to each sentence letter,
relative to (“at”, or “in”) each world—that is, for any sentence letter «,
and any w € #/,.%(a, w) is either O or 1. (“interpretation function”)

Each MPL-model contains a set # of possible worlds, and an accessibility
relation Z over #'. (W, ) is sometimes called the model’s frame. Think of
the frame as giving the “structure” of the model’s space of possible worlds: it
says how many worlds there are, and which worlds are accessible from which.
In addition to a frame, each model also contains an interpretation function .#,
which assigns truth values to sentence letters in worlds.

MPL-models are the configurations for propositional modal logic (recall
section 2.2). A configuration is supposed to represent both a way for the
world to be, and also the meanings of nonlogical expressions. In MPL-models,
the former is represented by the frame. (When we say that a configuration
represents “the world”, we don’t just mean the actual world. “The world”
signifies, rather, reality, which is here thought of as including the entire space
of possible worlds.) The latter is represented by the interpretation function.
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(Recall that in propositional logic, the meaning of a sentence letter was a mere
truth value. The meaning is now richer: a truth value for each possible world.)

A model’s interpretation function assigns truth values only to sentence
letters. But the sum total of all the truth values of sentence letters in worlds,
together with the frame, determines the truth values of all complex wifs, again
relative to worlds. It is the job of the model’s valuation function to specify
exactly how these truth values get determined:

DEeriNITION OF vALUATION: Where 4 (= (W ,R#,.¥)) is any MPL-model, the
valuation for .4,V ,, is defined as the two-place function that assigns either
0 or 1 to each wif relative to each member of #/, subject to the following
constraints, where « is any sentence letter, ¢ and ¢ are any wifs, and w is any
member of #:

(o, w)
1iff V (¢, w)=0
1 iff either V (¢, w)=00r V ,(¢,w) =1
1 iff for each v € #/,if Zwv,then V ,(¢,v) =1

Vu(a,
~¢,

//z ¢—>¢,
V,(Og¢,

What about truth values for complex formulas containing A, V, «—, <, and -3?
Given the definition of these defined connectives in terms of the primitive
connectives, it is easy to prove that the following derived conditions hold:

V, (dA),w)=1ifftV (), w)=1and V ,(¢,w) =
V,(¢Vd,w)=1iff V ,($,w)=10rV (¢, ):
(P w) =1V (b, )=V, (¢, w)
V,(Od,w)=1iff for some v € #,Rwv and V ,(¢,v) =1
V (¢3¢, w)=1ift for each v € #, if Zwwv then either V ,(¢,v)=0or

V/ﬂ(éb,‘v):

So far, we have introduced a generic notion of an MPL model, and have
defined the notion of a wft’s being true at a world in an MPL model. But
remember C. I. Lewis’s plight: it wasn’t clear which modal formulas ought to
count as logical truths. His response, and our response, is to construct different
modal systems, in which different formulas count as logical truths. The systems
we will discuss are named: K, D, T, B, S4, S5. Here in our discussion of
semantics, we will come up with different definitions of what counts as a model,

w)
w)
w)
w)=
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one for each system: K, D, 'T; B, S4, S5. As a result, different formulas will
come out valid in the different systems. For example, the formula OP—0O0OP
is going to come out valid in S4 and Sg, but not in the other systems.

The models for the different systems differ according to the formal prop-
erties of their accessibility relations. (Formal properties of relations were
discussed in section 1.8.) For example, we will define a model for system T
(“T-model”) as any MPL model whose accessibility relation is reflexive (in %/,
the set of worlds in that model). Here is the definition:

DEFINITION OF MODEL FOR MODAL SYSTEMS: An “S-model”, for any of our
systems S, is defined as an MPL-model (%', %#,.#) whose accessibility relation
AR has the formal feature given for system S in the following chart:

System  accessibility relation must be

K no requirement

D serial (in #)

T reflexive (in #)

B reflexive (in #') and symmetric

S4 reflexive (in #) and transitive

Ss reflexive (in #’), symmetric, and transitive

Thus, any MPL-model counts as a K-model, whereas the requirements for the
other systems are more stringent.

Our next task is to define validity and semantic consequence for the various
systems. A slight wrinkle arises: we can’t just define validity as “truth in all
models”, since formulas aren’t simply true or false in MPL-models; they’re
true or false in various worlds in these models. Instead, we first define a notion
of being valid in an MPL model:

DEFINITION OF VALIDITY IN AN MPL MoDpEL: An MPL-wff gb is valid in MPL-
model A4 (= (¥, ,%,.9) ift for every w e ¥,V ,(¢,w)=1

Finally we can give the desired definitions:

DEFINITION OF VALIDITY AND SEMANTIC CONSEQUENCE:
- An MPL-wff is valid in system S (where S is either K, D, 'T; B, S4, or S5)
iff it is valid in every S-model

- MPL-wff ¢ is a semantic consequence in system S of set of MPL-wifs
I iff for every S-model (#,2,.#) and each w € #/,if V ,(y,w) =1 for
eachy €T, then V (¢, w) =1
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As before, we’ll use the F notation for validity and semantic consequence.
But since we have many modal systems, if we claim that a formula is valid, we’ll
need to indicate which system we’re talking about. Let’s do that by subscripting
I with the name of the system; e.g., “F 1 ¢” means that ¢ is T-valid.

It’s important to get clear on the status of possible-worlds lingo here. Where
(W, R,.#) is an MPL-model, we call the members of # “worlds”, and we call
R the “accessibility” relation. This is certainly a vivid way to talk about these
models. But officially, # is nothing but a nonempty set, any old nonempty
set. Its members needn’t be the kinds of things metaphysicians call possible
worlds. They can be numbers, people, bananas—whatever you like. Similarly
for Z and .#. The former is just defined to be any old binary relation on %
the latter is just defined to be any old function mapping each pair of a sentence
letter and a member of # to either 1 or 0. Neither needs to have anything to
do with the metaphysics of modality. Officially, then, the possible-worlds talk
we use to describe our models is just talk, not heavy-duty metaphysics.

Still, models are usually intended to depict some aspect of the real world.
The usual intention is that wifs get their truth values within models in a parallel
fashion to how natural language sentences are made true by the real world. So
if natural language modal sentences aren’t made true by anything like possible
worlds, then possible worlds semantics would be less valuable than, say, the usual
semantics for nonmodal propositional and predicate logic. To be sure, possible
worlds semantics would still be useful for various purely formal purposes. For
example, given the soundness proofs we will give in section 6.5, the semantics
could still be used to establish facts about unprovability in the axiomatic systems
to be introduced in section 6.4. But it would be hard to see why possible worlds
models would shed any light on the meanings of English modal words, or
why truth-in-all-possible-worlds-models would be a good way of modeling
(genuine) logical truth for modal statements.

On the other hand, if English modal sentences #7e made true by facts about
possible worlds, then the semantics takes on a greater importance. Perhaps
then we can, for example, decide what the right logic is, for a given strength of
necessity, by reflecting on the formal properties of the accessibility relation—
the real accessibility relation, over real possible worlds, not the relation % over
the members of # in our models. Suppose we’re considering some strength,
M, of modality. A (real) possible world v is M -accessible from another world,
w, iff what happens in v counts as being M-possible, from the point of view
of w. Perhaps we can figure out the logic of M-necessity and M-possibility by
investigating the formal properties of M -accessibility.
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Consider deontic necessity and possibility, for example: a proposition is
deontically necessary iff it ought to be the case; a proposition is deontically
possible iff it is morally acceptable that it be the case. The relation of deontic
accessibility seems not to be reflexive: in an imperfect world like our own, many
things that ought not to be true are nevertheless true. Thus, a world can fail to
be deontically accessible relative to itself. (As we will see, this corresponds to
the fact that deontic necessity is non-alethic; it does not imply truth.) On the
other hand, one might argue, deontic accessibility s serial, since surely there
must always be some deontically accessible world—some world in which what
occurs is morally acceptable. (To deny this would be to admit that everything
could be forbidden.) So, perhaps system D gives the logic of deontic necessity
and possibility (see also section 7.1).

To take one other example: some have argued that the relation of metaphysi-
cal-accessibility (the relation relevant to metaphysical necessity and possibility)
is a total relation: every world is metaphysically possible relative to every other.’
What modal logic would result from requiring Z# to be a total (in #) relation?
The answer is: S5. Thatis, you get the same valid formulas whether you require
2 to be a total relation or an equivalence relation (see exercise 6.1). So, if the
(real) metaphysical accessibility relation is a total relation, the correct logic for
metaphysical necessity is S5. But others have argued that metaphysical accessi-
bility is intransitive. Perhaps one possible world is metaphysically accessible
from another only if the individuals in the latter world aren’t too different from
how they are in the former world—only if such differences are below a certain
threshold. In that case, it might be argued, a world in which I'm a frog is not
metaphysically accessible from the actual world: any world in which I’'m that
drastically different from my actual, human, self, just isn’t metaphysically pos-
sible, relative to actuality. But perhaps a world, w, in which ’'m a human-frog
hybrid is accessible from the actual world (the difference between a human
and a frog-human hybrid is below the threshold); and perhaps the frog world
is accessible from w (since the difference between a frog-human hybrid and
a frog is also below the threshold). If so, then metaphysical accessibility is
intransitive. Metaphysical accessibility is clearly reflexive. So perhaps the logic
of metaphysical possibility is given by system B or system T.

3See Lewis (1986, 246).
®Compare Salmon (1986).
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Exercise 6.1** Let O be the modal system given by the require-
ment that % must be total (in #). Show that F, ¢ iff Fg_ .

6.3.2 Semantic validity proofs

Given our definitions, we can now show particular formulas to be valid in
various systems.

Example 6.1: 'The wif O(PV~P) is K-valid. To show this, we must show
that the wiff is valid in all MPL-models, since validity-in-all-MPL-models is
the definition of K-validity. Being valid in a model means being true at every
world in the model. So, consider any MPL-model (#',2,.#), and let w be any
world in . We must show that V ,(O(PV~P),w)=1. (As before, I'll start to
omit the subscript .4 on V, when it’s clear which model we’re talking about.)

i) Suppose for reductio that V(O(PV~P),w) =0

ii) So, by the truth condition for O in the definition of the valuation function,
there is some world, v, such that Zwov and V(PV~P,v) =0

iii) Given the (derived) truth condition for V, V(P,v) =0 and V(~P,v) =0

iv) Since V(~P,v) = 0, given the truth condition for ~, V(P,v) = 1. But
that’s impossible; V(P, v) can’t be both 0 and 1.

Thus, Fy O(PV~P).

Note that similar reasoning would establish F O, for any tautology ¢.
For within any world, the truth values of complex statements of propositional
logic are determined by the truth values of their constituents in that world by
the usual truth tables. So if ¢ is a tautology, it will be true in any world in any
model; hence O¢ will turn out true in any world in any model.

Example 6.2: Show that F (CO(P—Q)AOP) — Q. Let w be any world
in any T-model .#; we must show that V ,((CO(P—Q)ATP)—=CQ, w) = 1:

i) Suppose for reductio that V((¢O(P—Q)AOP)—<OQ, w) =0.
i) So V(¢O(P—Q)AOP,w)=1and ...
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ii) ...V(OQ,w)=0. So Q is false in every world accessible from w.

iv) From ii), OO(P—Q) is true at w, and so V(O(P—Q),v) = 1, for some
world, call it v, such that Z wv.

v) From ii), V(OP,w) = 1. So, by the truth condition for the O, P is true
in every world accessible from wj; since Z ww, it follows that V(P,v) = 1.
But V(Q,v) =0 given iii). So V(P—Q)=0.

vi) From iv), P—Q is true in every world accessible from v; since ./ is a
T-model, Z is reflexive; so Zvv; so V(P—Q,v) = 1, contradicting v).

The last example showed that the formula (CO(P—Q)AOP) — <Q is valid
in 'T. Suppose we wanted to show that it is also valid in S4. What more would
we have to do? Nothing! To be S4-valid is to be valid in every S4-model. But
a quick look at the definitions shows that every S4-model is a T-model. So,
since we already know that the the formula is valid in all T-models, we may
conclude that it must be valid in all S4-models without doing a separate proof:

T

models

The Sg4-models are a subset of the So if a formula is valid in all T-
T-models. models, it’s automatically valid in
all S4-models

Think of it another way. A proof that a wif is S4-valid may use the information
that the accessibility relation is both transitive and reflexive. But it doesn’t need
to. So the T-validity proof in example 6.2 also counts as an S4-validity proof.
(It also counts as a B-validity proof and an Sg-validity proof.) But it doesn’t
count as a K-validity proof, since it assumes in line vi) that & is reflexive. 'To be
K-valid, a wff must be valid in #// models, whereas the proof in example 6.2 only
establishes validity in all reflexive models. (In fact (CO(P—Q)ADP) — <Q
isn’t K-valid, as we’ll be able to demonstrate shortly.)
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Consider the following diagram of systems:

/\
N

N—T—N

An arrow from one system to another indicates that validity in the first system
implies validity in the second system. For example, all D-valid wtfs are also
T-valid. For if a wtf is valid in all D-models, then, since every T-model is also a
D-model (reflexivity implies seriality), it must be valid in all T-models as well.

S5 is the strongest system, since it has the most valid formulas. That’s
because it has the fewest models: it’s easy to be Ss-valid since there are so
tew potentially falsifying models. K is the weakest system—fewest validities—
since it has the most potentially falsifying models. The other systems are
intermediate.

Notice that the diagram isn’t linear. Both B and S4 are stronger than T:
each contains all the T-valid formulas and more besides. And S5 is stronger
than both B and S4. But (as we will see below) neither B nor Sj is stronger
than the other (nor are they equally strong): some B-valid wffs aren’t S4-valid,
and some S4-valid wffs aren’t B-valid. (The definitions of B and S4 hint at this.
B requires symmetry but not transitivity, whereas S4 requires transitivity but
not symmetry, so some B-models aren’t S4-models, and some S4-models aren’t
B-models.)

Suppose you’re given a formula, and for each system in which it is valid,
you want to give a semantic proof of its validity. This needn’t require multiple
semantic proofs. As we saw with example 6.2, to prove that a wff is valid in a
number of systems, it suffices to give a validity proof in the weakest of those
systems, since that very proof will automatically be a proof that it is valid in
all stronger systems. For example, a K-validity proof is itself a validity proof
for D, T, B, S4, and S5. But there is an exception. Suppose a wif is zot valid
in ‘T, but you’ve given a semantic proof of its validity in B. This proof also
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shows that the wtf is S5-valid, since every S5-model is a B-model. But you can’t
yet conclude that the wff is S4-valid, since not every S4-model is a B-model.
Another semantic proof may be needed: of the formula’s Sg-validity. (Of course,
the formula may not be S4-valid.) So: when a wif is valid in both B and Sg4, but
not in T, two semantic proofs of its validity are needed.

We are now in a position to do validity proofs. But as we’ll see in the next
section, it’s often easier to do proofs of validity when one has failed to construct
a counter-model for a formula.

Exercise 6.2 Use validity proofs to demonstrate the following:

2) Ep [OPAO(~PVQ)]—0Q

b) kg, OO(PAQ)—0Q

6.3.3 Countermodels

We have a definition of validity for the various systems, and we’ve shown how
to establish validity of particular formulas. (We have also defined semantic
consequence for these systems, but our focus will be on validity.) Now we’ll see
how to establish /zvalidity. We establish that a formula is invalid by constructing
a countermodel for it—a model containing a world in which the formula is
false. (Since validity means truth in every world in every model, the existence
of a single countermodel establishes invalidity.)

I’'m going to describe a helpful graphical procedure, introduced by Hughes
and Cresswell (1996), for constructing countermodels. Now, it’s always an
option to bypass the graphical procedure and directly intuit what a counter-
model might look like. But the graphical procedure makes things a lot easier,
especially with more complicated formulas.

I'll illustrate the procedure by using it to show that the wit GP—0OP is not
K-valid. To be K-valid, a wif must be valid in all MPL-models, so all we must
do is find one MPL-model in which CP—0OP is false in some world.

Place the formula in a box

We begin by drawing a box, which represents some chosen world in the model
we’re in the process of pictorially constructing. The goal is to make the formula
false in this world. In these examples I'll always call this first world “r”:
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r | OP—0OP

Now, since the box represents a world, we should have some way of representing
the accessibility relation. What worlds are accessible from r; what worlds does
r “see”? Well, to represent one world (box) seeing another, we’ll draw an arrow
from the first to the second. But in this case we don’t need to draw any arrows.
We’re only trying to show that OP—0OP is K-invalid, and the accessibility
relation for system K doesn’t even need to be serial—no world needs to see any
worlds at all. So, we’ll forget about arrows for the time being.

Make the formula false in the world

We’ll indicate a formula’s truth value by writing that truth value above the
formula’s major connective. (The “major connective” of a wtf is the last con-
nective that was added when the wff was formed via the rules of grammar.”
Thus, the major connective of P—0Q is the —, and the major connective of
O(P—0Q) is the leftmost O.) So to indicate that OP—OP is to be false in this
model, we’ll put a 0 above its arrow:

0
"lop—OP

Assigning a truth value to a formula sometimes forces us to assign truth values
to other formulas in the same world. For example, if we make a conjunction
true in a world then we must make each of its conjuncts true at that world; and
if we make a conditional false at a world, we must make its antecedent true and
its consequent false at that world. In the current example, since we’ve made
OP—0OP false in r, we've got to make OP true at r (indicated on the diagram
by a 1 over its major connective, the <), and we’ve got to make its consequent
OP false at r:

Enter forced truth values

1 00
OP—0OP

"In talking about major connectives, let’s treat nonprimitive connectives as if they were
primitive. Thus, the major connective of OPA~Q is the A.
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Enter asterisks

When we assign a truth value to a modal formula, we thereby commit ourselves
to assigning certain other truth values to various formulas at various worlds.
For example, when we make OP true at r, we commit ourselves to making P
true at some world that r sees. To remind ourselves of this commitment, we’ll
put an asterisk (*) below ©P. An asterisk below indicates a commitment to there
being some world of a certain sort. Similarly, since OP is false at r, this means
that P must be false in some world P sees (if it were true in all such worlds then
OP would be true at r). We again have a commitment to there being some
world of a certain sort, so we enter an asterisk below OP as well:

1 00
r OP—’DP
% %k

Discharge bottom asterisks

The next step is to fulfill the commitments we incurred when we added the
bottom asterisks. For each, we need to add a world to the diagram. The first
asterisk requires us to add a world in which P is true; the second requires us to
add a world in which P is false. We do this as follows:

The official model

We now have a diagram of a K-model containing a world in which GP—0OP
is false. But we need to produce an official model, according to the official
definition of a model. A model is an ordered triple (#,%,.#), so we must
specify the model’s three members.

The set of worlds, #/, is simply the set of worlds I invoked:

W ={r,a,b}
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What are r, a, and b? Let’s just take them to be the letters ‘r’, ‘a’, and ‘b’. No
reason not to—the members of #/, recall, can be any things whatsoever.

Next, the accessibility relation. This is represented on the diagram by the
arrows. In our model, there is an arrow from r to a, an arrow from r to b, and
no other arrows. Thus, the diagram represents that r sees a, that r sees b, and
that there are no further cases of seeing. Now, remember that the accessibility
relation, like all relations, is a set of ordered pairs. So, we simply write out this
set:

R ={(r,a),(r,b)}

That is, we write out the set of all ordered pairs (w,, w,) such that w, “sees”
W,

Finally, we need to specify the interpretation function, .#, which assigns
truth values to sentence letters at worlds. In our model, . must assign 1 to
P at world a, and O to P at world b. Now, our official definition requires an
interpretation to assign a truth value to each of the infinitely many sentence
letters at each world; but so long as P is true at world a and false at world b,
it doesn’t matter what other truth values .# assigns. So let’s just (arbitrarily)
choose to make all other sentence letters false at all worlds in the model. We
have, then:

A (a, w) 0 for all other sentence letters @ and worlds w

That’s it—we’re done. We have produced a model in which CP—0OP is
false at some world; hence this formula is not valid in all models; and hence it’s
not K-valid: ¥, OP—0OP.

Check the model

At the end of this process, it’s a good idea to double-check that your model is
correct. This involves various things. First, make sure that you’ve succeeded in
producing the correct kind of model. For example, if you’re trying to produce
a T-model, make sure that the accessibility relation you’ve written down is
reflexive. (In our case, we were only trying to construct a K-model, and so for
us this step is trivial.) Second, make sure that the formula in question really
does come out false at one of the worlds in your model.
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Simplifying models

Sometimes a model can be simplified. In the countermodel for OP—0OP, we
needn’t have used three worlds. We added world a because the truth of OGP
called for a world that r sees in which P is true. But we needn’t have made
that a new world—we could have made P true in r and made r see itself. (We
couldn’t have done that for both asterisks; that would have made P both true
and false at r.) So, we could make this one simplification:

1100 | Official model:
T <>P—>|:|P

W ={r,b}
R ={(r,7),(r, )}
F(P,r)=1, all others 0

Adapting models to different systems

We have shown that OP—0OP is not K-valid. Next let’s show that this formula
isn’t D-valid—that it is false in some world of some model with a serial accessi-
bility relation. The model we just constructed won’t do, since its accessibility
relation isn’t serial; world b doesn’t see any world. But we can easily change

that:

1100 Official model:
r OP—)DP
* * W = {7’, b}

R ={(r,7),(r, ), (b, b)}
F(P,r)=1, all others 0

That was easy—adding the fact that b sees itself didn’t require changing any-
thing else in the model.

Suppose we want now to show that OP—0OP isn’t T-valid. What more
must we do? Nothing! The model we just displayed is a T-model, in addition
to being a D-model, since its accessibility relation is reflexive. In fact, its
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accessibility relation is also transitive, so it’s also an S4-model. What about B?
It’s easy to make the accessibility relation symmetric:

1100 Official model:
r | OP—OP

W ={rb}

R = {{r,1), (1, b), (b, b), (b, r)}
S (P,r)=1, all others 0

So we’ve established B-invalidity as well. In fact, the model just displayed is
an S5-model since its accessibility relation is an equivalence relation. And so,
since any Sg-model is also a K, D, T, B, and S4-model, this one model shows
that ©P—0OP is not valid in any of our systems. So we have established that:
#K,D,T,B,S4,S5 OP—0OP.

In this case it wouldn’t have been hard to move straight to the final S5-
model, right from the start. But in more difficult cases, it’s best to proceed
slowly, as I did here. Tty first for a countermodel in K. Then build the model
up gradually, trying to make its accessibility relation satisfy the requirements of
stronger systems. When you get a countermodel in a stronger system (a system
with more requirements on its models), that very countermodel will establish
invalidity in all weaker systems. Keep in mind the diagram of systems:

/\
N

N—T—N

An arrow from one system to another, recall, indicates that validity in the first
system implies validity in the second. The arrows also indicate facts about
invalidity, but in reverse: when an arrow points from one system to another,
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then invalidity in the second system implies invalidity in the firsz. For example,
if a wit is invalid in T| then it is invalid in D. (That’s because every T-model is
a D-model; a countermodel in T is therefore a countermodel in D.)

When our task is to discover the systems in which a given formula is invalid,
usually only one countermodel will be needed—a countermodel in the strongest
system in which the formula is invalid. But there is an exception involving B
and S4. Suppose a given formula is valid in S5, but we discover a model showing
that it isn’t valid in B. That model is automatically a 'T; D, and K-model, so
we know that the formula isn’t T, D, or K-valid. But we don’t yet know about
S4-validity. If the formula is S4-invalid, then we will need to produce a second
countermodel, an S4 countermodel. (Notice that the B-model couldn’t a/ready
be an S4-model. If it were, then its accessibility relation would be reflexive,
symmetric, and transitive, and so it would be an S§-model, contradicting the
fact that the formula was Sg-valid.)

So far we have the following steps for constructing countermodels:

1. Place the formula in a box and make it false
2. Enter forced truth values

3. Enter asterisks

4. Discharge bottom asterisks
5. The official model

We need to add to this list.

Top asterisks

Let’s try to get a countermodel for OOP—OCP in all the systems in which it
is invalid. A cautious beginning would be to try for a K-model. After the first
few steps, we have:

1 00
OOP—-OOP

* *

—

OP
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At this point we have a true O (in world a) and a false < (in world b). Like
true s and false Os, these generate commitments pertaining to other worlds.
But unlike true <s and false Os, they don’t commit us to the existence of somze
accessible world of a certain type; they carry commitments for every accessible
world. The true OP in world a, for example, requires us to make P true in every
world accessible from a. Similarly, the falsity of &P in world b commits us to
making P false in every world accessible from b. We indicate such commitments,
universal rather than existential, by putting asterisks #bove the relevant modal
operators:

T <>DP—>D<>P

Now, how can we honor these commitments; how must we “discharge” these
asterisks? In this case, when trying to construct a K-model, we don’t need to do
anything. Since world a, for example, doesn’t see any world, P is automatically
true in every world it sees; the statement “for every world, w, if Zaw then
V(P,w)=1"is vacuously true. Same goes for b—P is automatically false in all
worlds it sees. So, we’ve got a K-model in which COP—OOP s false.

Now let’s turn the model into a D-model. Every world must now see at
least one world. Let’s try:
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1 00
COP—OOP

* *

—

I added worlds ¢ and d, so that a and b would each see at least one world.
(Further, worlds c and d each had to see a world, to keep the relation serial. I
could have added new worlds e and f seen by ¢ and d, but e and f would have
needed to see some worlds. So I just let ¢ and d see themselves.) But once c
and d were added, discharging the upper asterisks in worlds a and b required
making P true in ¢ and false in d (since a sees ¢ and b sees d).

Let’s now try for a T-model. Worlds a and b must now see themselves. But
then we no longer need worlds ¢ and d, since they were added just to make the
relation serial. So we can simplify:

1 00
r | COP—OOP Official model:
%k %k

C/ W = {r,a,b}
R = {(r,r),(a,a), (b, b), (r,a), (r,b)}

* * #(P,a) =1, all others 0
al 11 b| 00O
apP

@ O

When you add arrows, you need to make sure that all top asterisks are dis-
charged. In this case this required nothing of world r, since there were no top
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asterisks there. There were top asterisks in worlds a and b; these I discharged
by making P be true in a and false in b.

Notice that I could have moved straight to this T-model—which is itself a
D-model—rather than first going through the earlier mere D-model. However,
this won’t always be possible—sometimes you’ll be able to get a D-model, but
no T-model.

At this point let’s verify that our model does indeed assign the value 0 to
our formula GOP—OCP. First notice that OP is true in a (since a only sees
one world—itself—and P is true there). But r sees a. So COP is true at r. Now,
consider b. b sees only one world, itself; and P is false there. So P must also
be false there. But r sees b. So OCP is false at r. But now, the antecedent of
OOP—OOP is true, while its consequent is false, at r. So that conditional is
false at r. Which is what we wanted.

Onward. Our model is not a B-model since r sees a and b but they don’t
see r back. Suppose we try to make a and b see r:

1 00
OOP—-OOP

00
OP

We must now make sure that all top asterisks are discharged. Since a now sees
r, P must be true at r. But b sees r too, so P must be false at r. Since P can’t be
both true and false at r, we’re stuck. We have failed to construct a B-model in
which this formula is false.

Our failure to construct a B-countermodel suggests that it may be impossible
to do so. We can prove that this is impossible by showing that the formula is
true in every world of every B-model—that is, that the formula is B-valid. Let
M= (W,R,F) be any model in which Z is reflexive and symmetric, and
consider any w € #; we must show that V ,(COP—-0OO0P, w)=1:

i) Suppose for reductio that V(COP—-OCP, w)=0. Then V(COP, w) =1
and V(OOP, w)=0.
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ii) Given the former, for some v, Zwv and V(OP,v) = 1.
iii) Given the latter, for some #, Zwu and V(OP, u) =0.

iv) From ii), P is true at every world accessible from v; by symmetry, Z vw;
so V(P,w)=1.

v) From iii), P is false at every world accessible from #; by symmetry, 22 » w;
so V(P,w) =0, contradicting iv)

Just as we suspected: the formula is indeed B-valid; no wonder we failed to
come up with a B-countermodel!

Might there be an S5 countermodel? No: the B-validity proof we just
constructed also shows that the formula is Sg-valid. What about an S4 coun-
termodel? The existence of the B-validity proof doesn’t tell us one way or the
other. Remember the diagram: validity in S4 doesn’t imply validity in B, nor
does validity in B imply validity in S4. So we must either try to come up with
an S4-model, or try to construct an S4 semantic validity proof. Usually it’s best
to try for a model. In the present case this is easy: the T-model we gave earlier
is itself an S4-model. Thus, on the basis of that model, we can conclude that
#K,D,T,Sz; COP—-0OOP.

We have accomplished our task. We gave an S4 countermodel, which is a
countermodel for each system in which COP—OOP is invalid. And we gave
a validity proof in B, which is a validity proof for each system in which the
formula is valid.

Example 6.3: Determine in which systems COP—OOGOP is valid and in
which systems it is invalid. We can get a T-model as follows:
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k
1 000
r
SCOP—-<O00OP
* * I discharged the second
e bottom asterisk in
&// r by letting r see b
Notice how commitments *
to truth values for different 11 0
formulas are recorded a |
by placing the formulas opP ooorP| |
side by side in the box % /
k
00 1
b
<oapP P
k
O
0
c
P
O
Official model:
W ={r,a,b,c}

R ={(r,7),(a,a),(b,]),{c,c),(r,a),(r,]),(a, b), (b, c)}
S (P,a) = .#(P,b) =1, all others 0

Now consider what happens when we try to turn this model into a B-model.
World b must see back to world a. But then the false $OP in b conflicts with
the true OP in a. So it’s time for a validity proof. In constructing this validity
proof, we can be guided by our failed attempt to construct a countermodel
(assuming all of our choices in constructing that countermodel were forced).
In the following proof that the formula is B-valid, I use variables for worlds
that match up with the attempted countermodel above:

i) Suppose for reductio that V(COP—-OOOOP, ) =0, in some world 7 in
some B-model (#,%,.#). So V(COP,r)=1and V(¢OOOP, r) =0.
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ii) Given the former, for some world a, Z ra and V(OP,a) = 1.

iii) Given the latter, since Z ra, V(OOOP,a) = 0. So for some b, Zab and
V(©OP, b)=0. By symmetry, Z ba; so V(OP,a) =0, contradicting ii).

We now have a T-model for the formula, and a proof that it is B-valid. The
B-validity proof shows the formula to be S5-valid; the T-model shows it to be
K- and D-invalid. We don’t yet know about S4. So let’s return to the T-model
above and try to make its accessibility relation transitive. World a must then
see world ¢, which is impossible since OP is true in a and P is false in c. So
we’re ready for a Sg-validity proof (the proof looks like the B-validity proof at
first, but then diverges):

i) Suppose for reductio that V(¢OP—<COCOP, r) =0, in some world 7 in
some B-model (#',2,.#). So V(COP,r)=1and V(COOOP, r)=0.

ii) Given the former, for some world a, Z ra and V(OP,a) = 1.

iii) Given the latter, since Z ra, V(OOOP,a) = 0. So for some b, Zab and
V(&OP, b) = 0. By reflexivity, Zb b, so V(OP, b) =0. So for some world
¢, Zbc and V(P,c) =0.

iv) Since Zab and # bc, by transitivity we have Zac. So, given ii), V(P,c) =
1, contradicting iii)





