Invalidity in Predicate L ogic

So far we' ve got a method for establishing that a predicate logic argument isvalid: do a
derivation. But we've got no method for establishing invalidity.

In propositional logic we had a method for establishing that an argument wasinvalid: that of
truth tables. Recall what that method was exactly: we looked to seeif there was a possible case
(i.e. assignment of truth valuesto sentence letters) in which the premises were all true, but in
which the conclusion was false. Noticethat it just takes one case in which the premises are true
but the conclusion false to make an argument invalid.

In predicate logic, too, thiswill be how we show that an argument isinvalid: all weneedtodois
show that there’ s at least one case in which the premises are true but the conclusion false. For
the wholeidea of validity isthat in avalid argument, it isimpossible for the premises to be true
while the conclusion isfalse. But we'll need to have adifferent notion of a“case”. In
propositional logic a case was simply an assignment of truth values to the sentence letters. But
for apredicate logic formulalike [XFx, we can’t do this, because the formula“Fx” doesn’t have
atruth value on its own; rather, intuitively, it has different truth values depending on what x is.
So the goal of this section isto come up with a new understanding of what a“case” isfor
predicate logic; the new kind of case we'll call amodel.

Before we define what amodel is, though, let’s start with an example. The following argument
isclearly invalid:

[XFx
XGx

[X(Fx& Gx)

The intuitive reason for thisisasfollows. Thefirst premise saysthat somethingisan F. The
second says that something isa G. But these “somethings’ needn’t be the same. Suppose that
the class of Fsis completely disoint from the classof Gs—no FisaG, andno GisanF. Then
there will be some Fs, and some Gs, but nothing that is both.

Let’s get specific. Imagine that there are only two peoplein the world; let’s call the first person
“0" and the second person “1". Thiswe represent by the following:

U={01}

“U” standsfor the “universe” -- we let U be the set of all the people in the world that we're
imagining.

Next, let’s say something about what the predicates F and G apply to in our world. We do this
by, in each case, writing down the set containing all the inhabitants of the world that the



predicate appliesto:

F. {0}
G: {1}

Thisis called specifying the extension of the predicates. By saying that the extension of the
predicate F is{ 0}, we' ve said that the predicate F applies to only one thing in our imaginary
world: 0. Sincewedidn’t include 1 in the extension of F, this means that the predicate F doesn’t
apply to 1, in our imaginary world. Similarly, by letting the extension of G be {1}, we' ve said
that the predicate G appliesto 1, but not to 0. If F stood for “isfemale’, and G stood for “is
male”, then our imaginary universe would consist of just two persons, 0, who isafemale, and 1,
whoisamale.

This collection of i) auniverse, and ii) a specification of the extensions of predicates, is called a
model. Thus, our model can be displayed as follows:

U={0,1}
F. {0}
G: {1}

It should beintuitively clear that the premises of our argument are “true in” this model, whereas
the conclusion isfalse. Thefirst premise saysthat thereis at least one F, and thereis, since O is
in the extension of F. The second premise says that thereis at least one G, and thereis, since 1 is
in the extension of G. The conclusion says that there is at least one thing that is both F and G,
and thisisfalse, because nothing isin both the extension of F, and also the extension of G. But
we need more than this: we need a proof that the premises are true and the conclusion isfalse.
Thiswe do by the “method of expansions’.

Consider the first premise, [XFx. This saysthat something isF. Now, since there are just two
objectsin the universe of our model, 0 and 1, thisis equivalent to saying that either OisF, or 1is
F. Thus, in our model, [XFx is equivalent to:

FOOF1

Now we can compute the truth value of this formula by using the truth tables from before, as
follows:

FO OF1
T F
T

We know FO istrue because O isin the extension of F. We know that F1 is false because 1 is not
in the extension of F. And finally, we know that the truth value of the whole is T because TUF
yields T, from the truth table for [



Similarly, we can calculate the truth values of the expansion of the second premise:

GOOG1

F T

T

And finally we must calculate the truth value of the expansion of the conclusion. Thisisabit
trickier, because the conclusion is a more complex formulathan the premises, but the principleis
the same: [X(Fx& Gx) in our model means the same thing as: either Oisboth Fand G, or 1is
both F and G. Thus, the expansion for [x(Fx& Gx) in our model is: (FO& F1) 0(G0 & G1). In

genera, therule for expanding existentialsis:

The expansion of aformula, Cx@[x] is“@0] O¢@1] O...”, where we have one digunct for
each member of the universe

OK, given this we can calculate the truth value of the expansion of [X(Fx& Gx) in our model:

(FO & F1) 0(GO & G1)

Thisisthe desired result: the conclusion isfalsein thismodel. So we' ve come up with at least
one case -- i.e., a least one model -- in which the premises of the argument are true, but the
conclusionisfase. Sothe argument isinvalid.

The steps, then, in showing an argument invalid are as follows:
1. Produce amodel. This consists of specifying:
a) auniverse, and
b) extensions

2. Produce the expansions of the premises and conclusion

3. Show via calculation that the expansions of the premises are true, whereas the
expansion of the conclusion isfalse

Let’s do another example, and thistime 1’1l show how to do the expansion for a universal
quantifier:



Ox(Fx - Gx)
[XGX & [X~Gx

OK, how should we go about coming up with the model? The best rule of thumb is to do forced
stepsfirst. For example, the second premise forces us to do two things. add two objects to the
universe, and put only one of them in the extension of “G”. So we may begin with:

U={01
G: {0
F: {

In general, if we have an existential to make true, it’s often good to do this first, because it forces
us to add something to the universe. Now, what other steps are we forced to do? Well, we want
the conclusion to be false, and thus we can’'t have any object in the extension of “F’. Therefore,
we' ve got the following:

U={01
G: {0
F {}

(Notice that the extension of “F” is now “the empty set” -- this means that “F” doesn’t apply to
anything in our model.) OK; let’s now ask whether we need to do anything else to get the first
premise true. The answer isno. For thefirst premise saysthat “Fx — Gx” is true no matter what
x is. But since the predicate “F” applies to nothing in our model, “Fx — Gx” will turn out
vaccuously true no matter what x is (since its antecedant will always be false). Thus, our final
model is:

U={0,1}
G: {0}
F {}

Now for the expansions. Thefirst premiseisauniversal, and the rule for expanding for a
universal isthis:

The expansion of aformula, Ox@x] is“@0] & (1] & ...”, where we have one conjunct
for each member of the universe

Whereas existentials expand to digunctions, universals expand to conjunctions. And thisisthe
intuitively correct rule; [IxXFx says, for example, that everything isF, so if the universe consisted
of just {0,1}, then [OxFx would say that OisFand 1isF -- that is, “FO & F1". Applied to the
first premise of the current argument, the expansion is:

(FO— GO) & (F1-G1)
FT FF



T T
T

Now, the expansions for the other premise and the conclusion:

(GO OG1) & (~GO 0~G1)
T F T F

F T
T T
T
FO OF1
F F
F

Thus, our model does indeed establish that the argument is invalid, because the premises came
out true whereas the conclusion came out false.

Our next example involves aname. To give amodel, we'll need to know what the extension of a
nameis. the extension of anameisa particular member of the universe, not a set of things.
That’ s because a name refersto a particular thing, unlike a predicate, which may apply to many
things. Here' sthe example:

Ox(Fx - Gx)
Ga

Pretty clearly, the argument isinvalid: thefirst premise saysthat all Fsare Gs, but this doesn’t
imply that all Gsare Fs. So acould bea G, but not an F. Here’samodel based on this intuition:

U={0}
F {}
G: {0}
ao

Noticethat | gave “a’ the extension 0 -- in other words, “a’ refersto 0. Now, for the expansions.
The first premiseis auniversal, so the expansion should be a conjunction. But since there’s only
one member of the universe, the expansion will have only one “conjunct”, and so there won't be
any & (and so it won't really be properly called a conjunction). Thus, the expansion of premise 1
is:

FO— GO
F T
T



Asfor the second premise, to expand a formula containing a name, we simply replace that name
with its referent:

GO
T

And finally, the conclusion:

FO
F

Good -- the premises came out true but the conclusion came out false.

Try OxFx - OxGx / Ox(Fx — Gx) on your own.

The next example will illustrate how we give the extensions for two place predicates:

Thisisclearly aninvalid argument: from the fact that alovesb, it doesn’t follow that aloves
everyone. amight love b, but not love him/herself, for example; if so, then since adoesn’t love
him/herself, a doesn’t love everyone. So we can begin to construct the model as follows:

U ={0,1}
a0
b: 1

But now we want to say that O loves 1, but O does not love 0. We do this by specifying the
following extension for “L”:

L: {<0,1>}

Theruleisthis: the extension for a two-place predicate is a set of ordered pairs. We put in the
extension of “L” the set of all and only ordered pairs, <i,j>, such thati L’sj. Supposing “L” to
stand for “loves’, the extension of “L” would be the set of all ordered pairs where the first
member loves the second.

We need to use pairs because a person doesn’'t just plain love -- rather, one person loves another.
We need to use ordered pairs because, for example, a person might love another person without
getting loved back. So, if thefirst personis 0 and the second is 1, we would put <0,1> in the
extension of “L”, but we wouldn’t put <1,0> in.



Thus, our modd is:

U={0,1}
ao
b: 1
L: {<0,1>}
OK, now let’s do the expansions. The expansion of the premiseis simply:
LO1

We simply put in the referents of “a” and “b”. And to tell whether thisistrue, we look to see
whether <0,1> isin the extension of “L”. Sinceit is, we have:

LO1
T

Now for the conclusion:
LOO & LO1

Thisisthe expansion because i) we simply stuck in O for “a’, since O isthe referent of “a’, and ii)
because of the universal quantifier [Ix, for each member of the universe, we included a conjunct
where “x” referred to that member of the universe. The truth values are:

L0O & LO1
F T
F

(LOO isfalse because the ordered pair <0,0> is not in the extension of “L".)

Next example:

The premise could be interpreted as meaning: everyone loves someone (or other); the conclusion
would then mean: thereis someone that isloved by everyone. Clearly the first doesn’t imply the
second, because the first doesn’t imply that the person getting loved is the same in each case. So
if we had a model with two things, in which each loved the other, but in which neither loved him
or herself, then this would do the trick:

U={01}
L: {<0,1>,<1,0>}



Now for the expansions. These are trickier because we have two nested quantifiers. We do this
in parts; let’s do the premisefirst. Think of Cx[CyLxy as having the form:

Ox (LyLxy)

Sincethisisauniversal, we need to expand it to a conjunction:

[yLOy & CyL1y

What we did was this: we took the inside part of the premise, CyLxy, and for each member of
the universe, we included a conjunct where we put that member of the universein for “x”. Now
we need to expand these two conjuncts. Since each contains the quantifier Cly, each will turn into
adigunction:

(LOO OLO1) & (L10 OL11)
F T T F
T T

T

Asfor the conclusion, we do it in steps as well:
UxLxO0 O OxLx1

(L0O & L10) O(LO1 & L11)
F T T F
F F

Finally, we need to learn how to construct models for arguments involving the identity predicate;
for example:

Xy (Fx& Fy&x=#y)

In English, thisis saying “ Thereis at least one F; therefore, there are at least two FS’. Thisis
clearly an invalid argument -- what if there isonly one F? Thus, we choose the following model:

U: {0}
F: {0}

We have only one thing in the universe, and that thing is F. We now expand the premise and
conclusion, noting that even though we have existentials, since there is only one member of the
universe, the “digunctions’ we get aren’t really digunctions. Hereisthe premise:



FO
T

And here is the conclusion, which we do by parts, since it contains two quantifiers:
CXOy(Fx & Fy & x#y)

becomes
[Y(FO & Fy & 0=y)

(Notice again that there’ sonly one “digunct” since there’' s only one thing in the universe; if there
were two then this would be a disunction containing two disjuncts.) Thisin turn becomes:

FO& FO & 0+0
Now, the truth values for the first two conjuncts are:

FO & FO & 0+0
T T

since O isinthe extension of “F’. But thefinal conjunct isfalse, because Oisidentical to O (i.e.,
Oisidentical toitself). In general, therule for computing truth values of identitiesisthis:
identities involving the same member of the domain twice, like 0=0, 1=1, etc., aretrue; all
others, like 0=1, 0=2, 1=2, etc., arefalse. Thus, the conclusion isfalse, sinceit hasafase
conjunct:

FO& FO & 0+0
T T F

\

F

Infinite moded!:

UXLyRxy
OxOyOz[ (Rxy& Ryz) — RxZ]



