
Term and Game Formalism Ted Sider
Phil of Math

Formalism Mathematics is about nothing more than the rule-governed ma-
nipulation of symbols

• Suggested by how we often just memorize techniques for calculation

• Dissolves puzzles about abstract mathematical concepts (e.g., imaginary
numbers)

• Dissolves puzzles about how we know about mathematical objects

• Suggested by the mathematization of logic and proofs.

To check whether something is a correct proof:

1. Go through the lines in the proof, one by one. (Proofs are �nitely long.)

2. For each line, check whether it is grammatical. (Sentences are �nite
strings; the rules of grammar are precisely speci�ed.)

3. Then check whether it is a legal step in the proof:

(a) First check whether it is an axiom (this is mechanically checkable).
If it is, �ne; if not, …

(b) …look back at all the earlier lines (there are only �nitely many of
these), and see whether any of them imply the current line by some
rule. (The rules are mechanically checkable.)

1. Term formalism

Term formalism Mathematical objects are the terms (symbols) we use to
describe them

For example, the number 0 is the numeral ‘0’; the complex number 5+ 4i is
just the expression ‘5+ 4i ’.
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2. Types versus tokens

0 0

Two “tokens”, one “type”.

Term formalists apparently must mean that mathematical objects are term types;
otherwise 0= 0 would be false.

3. Frege’s critique

5+ 7= 6+ 6

This can’t mean that ‘5+ 7’ and ‘6+ 6’ are the same term, since they aren’t.

How could the term formalist respond? Shapiro says:

On behalf of term formalism, Frege suggests that the equation be inter-
preted as saying that in arithmetic, the symbol ‘5+ 7 can be substituted
anywhere for ‘6+ 6’ without a change in truth-value. (Shapiro, p. 143)

But how could ‘0+ 1= 1’ “just mean” that ‘0+ 1’ and ‘1’ are intersubstitutable
without a change in truth value? If that were true, ‘0+1= 1’ already has a truth
value and hence already has a meaning.

A different possible response: in sentences like ‘0+ 1 = 1’, ‘=’ means some
relation ≈ other than identity, which holds between the terms ‘0+ 1’ and ‘1’.

4. Are terms less problematic than mathematical entities?

Terms behave a lot like natural numbers. E.g.:

• There is a successor-like operation on them: the operation that maps any
term t to the term “t + 1”.

• Thus there are in�nitely many terms (‘0’, ‘0+ 1’, ‘0+ 1+ 1’, etc.)
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5. Real numbers

We have names for some real numbers, e.g.:

‘4.196’ (repeating decimal expansions—rational numbers)
‘
p

2’ (reals that are solutions to equations with rational coeffecients)
‘e ’, ‘π’ (transcendental numbers—we don’t have names for all of these)

Could we introduce names for all reals? Argument that we cannot:

1. In any language, every term is a �nite string of characters drawn from
some �nite alphabet

2. There are more real numbers than �nite strings of characters drawn from
any �nite alphabet

3. Therefore for any language, it isn’t true that every real number is a term
in that language

5.1 Premise 1

To learn a language with in�nitely many terms (e.g., ‘0’, ‘0+1’, ‘0+1+1’, etc.),
we learn by rote the primitive symbols, i.e., the alphabet (e.g., ‘0’, ‘1’, ‘+’). We
can then put these together to form in�nitely many complex terms.

We can only learn �nitely many symbols by rote, so the alphabet must be �nite.

5.2 Premise 2: �nite strings from a �nite alphabet are enumerable

De�nition of enumerability A set is enumerable if and only if there is some
way to write out its members in a (possibly in�nite) list that looks like
this: member1, member2, member3, etc.

Where A is any �nite alphabet, we’ll show that the set of �nite strings drawn
from A is enumerable.

Note: it makes sense to speak of alphabetical order for strings in A, assuming
some chosen ordering of the symbols in A.
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Here is how to list all �nite strings in A:

First: put all strings of length one on the list, in alphabetical order.

Second: put all strings of length two on the list, in alphabetical order

Third: put all strings of length three on the list, in alphabetical order

etc.

Every string goes on the list eventually, and so this is a complete list.

5.3 Premise 2: the real numbers are not enumerable

Suppose for reductio that the real numbers between 0 and 1 are enumerable.
Then there would be some way to list them: r1, r2, . . .

Every real number can be represented as an in�nite decimal expansion. So we
can represent the list r1, r2, . . . on a grid:

1 2 3 . . .
r1 a11 a12 a13 . . .

r2 a21 a22 a23 . . .

r3 a31 a32 a33 . . .

...
...

...
...

where each of the ai j s is an integer between 0 and 9. Thus the real number ri
is 0.ai1ai2 . . . , .

Look along the diagonal sequence of the grid:
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1 2 3 . . .
r1 a11 a12 a13 . . .

r2 a21 a22 a23 . . .

r3 a31 a32 a33 . . .

...
...

...
...

Change all 6s to 7s, and 7s to 6s, yielding a new sequence of digits d1, d2, d3, . . .
given by this rule:

di =
¨

6 if ai i = 7
7 if ai i 6= 7

This yields a real number, 0.d1d2d3 . . . , between 0 and 1. Since we are supposing
that the original list is complete list, this new number must occur somewhere
on the list—it must be ri for some i . But it can’t be. For the i th digit of ri is
ai i , which is guaranteed to be different from di , the i th digit of 0.d1d2d3 . . . :

1 2 3 . . .
r1 a11 a12 a13 . . .

r2 a21 a22 a23 . . .

r3 a31 a32 a33 . . .

...
...

...
...

Thus there are too many real numbers between 0 and 1 to be listed. And so
there are too many real numbers altogether to be listed. Since there are not too
many �nite strings in A to be listed, there are more real numbers than �nite
strings of A.
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6. Game formalism

6.1 Mathematics is making moves in a game about nothing

The rules of the game are clear and precise, but the sentences we right down
when we play don’t mean anything.

6.2 Analogy to instrumentalism

Our evidence for unobservable objects in physics, such as quarks and photons
is indirect: we have theories that i) are consistent with our observations, and ii)
imply that those unobservable entities exist. But multiple theories are consistent
with our observations and imply different things about unobservables. Scientists
choose one of the theories using simplicity, elegance, etc. But why think those
things lead to the truth?

Instrumentalists conclude that theories about unobservables are just “calcula-
tional devices”, which help us build satellites, predict the weather, and so forth,
but don’t actually say anything about the world.

6.3 The problem of application

Why should this meaningless game help in physics, etc.?

6.4 Platonism and application

A Platonist can recognize mixed mathematical objects, such as the mass-in-
grams function, which maps each massive object to the number that is its mass
in grams. Laws such as Newton’s F = ma concern such functions. She can
then explain the usefulness of mathematics: i) a law like F = ma is a true
statement about mixed mathematical objects; ii) pure mathematical statements
are also true; iii) logical laws used to derive predictions from the law and
pure mathematical statements are truth-preserving; therefore those predictions
are true. It is unclear whether the game formalist can give any comparably
satisfying explanation.
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