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Philosophy of Mathematics

1. Mill’s empiricism

Mill is the arch empiricist about mathematics. He thinks that all synthetic
truths are known by experience, and that almost all of mathematics and even a
lot of logic is synthetic.

Mill held that arithmetic appears to be necessary and a priori knowable
because the axioms and de�nitions are ‘known to us by early and constant
experience’. (Shapiro, p. 99)

2. Mill on geometry

Challenge: observation doesn’t really seem to accord with geometry. Observed
lines aren’t really straight, they always have some thickness, etc.

Mill: the points, lines, circles, etc., that geometry talks about are “limit con-
cepts”; real points, lines, and circles are only approximations. Strictly speaking,
geometric points, lines, and circles don’t exist.

What exactly does this mean? One possibility:

There are no geometric objects of which the laws of geometry are exactly
true. However, for any chosen degree of accuracy, there exist (or can
exist) geometric objects of which the laws of geometry are approximately
true to the chosen degree.

As Shapiro points out, this is surely not true. You can’t draw arbitrarily small
points or arbitrarily thin lines, since eventually you will be limited by the sizes
of molecules.

Also our evidence doesn’t really support it.

Mill might concede all this, and restate his view:
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We have very strong evidence that we can construct geometric objects
with good precision; we have good though weaker evidence that we can
construct geometric objects with better precision, and so on.

3. Mill on arithmetic

All numbers must be numbers of something: there are no such things
as numbers in the abstract. Ten must mean ten bodies, or ten sounds,
or ten beatings of the pulse. But though numbers must be numbers of
some- thing, they may be numbers of anything. Propositions, therefore,
concerning numbers, have the remarkable peculiarity that they are propo-
sitions concerning all things whatsoever, all objects, all existences of every
kind, known to our experience. (Shapiro, p. 95, quoting Mill)

What, then, do we mean when we seem to be talking about numbers as objects,
as when we say that 2+ 1= 3?

In an infamous passage, Mill wrote that the sum ‘2+ 1= 3’ involves the
assumption ‘that collections of objects exist, which while they impress the
senses thus, ◦◦◦, may be separated into two parts, thus, ◦ ◦ ◦’. (Shapiro, p.
96)

Taken literally, this is problematic, suggesting that math is about our ability to
rearrange collections. (Frege said it’s lucky that not everything is nailed down;
otherwise 2+ 1 wouldn’t be 3!)

We might instead take Mill thus:

Mill’s view of arithmetic Numbers are not objects; arithmetic is about num-
ber words in the adjectival sense. Sentences like 2+ 1 = 3 have their
adjective-meanings. Thus they are logical truths; but these logical truths
are a posteriori, and are con�rmed by observing many instances.
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4. Objections to Mill’s view of arithmetic

4.1 Epistemic objections

1. If Mill’s view of arithmetic were true, every time we observe a collection
of one thing and a collection of two other things, our con�dence that
1+ 2= 3 would go up.

2. It doesn’t.

3. Therefore, Mill’s view of arithmetic isn’t true

1. We are very con�dent that 1457+ 235= 1692.

2. If Mill’s view is true and we are very con�dent that 1457+ 235 = 1692,
this must be because we have examined many cases in which there are
1457 F s and 235 Gs (where no F is a G), and noted that there were 1692
F -or-Gs.

3. We have not examined many such cases

4. Therefore Mill’s view is not true

Mill might deny premise 2, and say that our past examination of many smaller
collections justi�es our con�dence in a general rule which encompasses larger
collections as well:

For any number, n, if there are n F s and there are m Gs (and if no F is a
G) then there are n+m F -or-Gs

But this is not an adjectival statement about numbers, so it’s hard to see how
Mill could think of the particular experiences as con�rming it.

5. Objections to the scope of the account

We know what the “adjectival meanings” of sentences like ‘2+ 3= 5’ are; but
what about other arithmetic sentences, for instance ones about multiplication
or exponentiation?

He might say that the adjectival meaning of ‘3× 4= 12’ is:
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There are three collections, each of which has four things; and the total
number of things that are in all the collections is twelve.

But then he would be assuming that there exist such things as collections. A
similar approach to exponentiation would require assuming that there exist
collections of collections. Collections seem like mathematical objects.

More importantly: this account does not extend to quanti�cation over numbers,
as in “for any numbers m and n, m+ n = n+m”. Adjectival meanings are for
�xed numbers, so to speak.

5.1 Mill and abstract mathematics

Really, the central problem with Mill is that his account of mathematics is too
tied to concrete procedures such as counting. Some of mathematics is indeed
concrete in this way: the natural numbers are tied to counting, and the real
numbers to measurement. But modern mathematics is far more abstract than
that. What concrete procedures are functions, or arbitrary groups, etc. tied to?
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