
The crisis in foundations Ted Sider
Philosophy of Mathematics

(A good resource: https://personal.us.es/josef/pcmCrisis.pdf)

1. Abstract, formalized math in need of foundations

If we aren’t guided by common sense or experience or intuitions (since mathe-
matics is now detached from concrete practices), what guides mathematics?

Here is an example that demonstrates the need for this. A curve is continuous
if you can draw it without lifting your pen; a curve is differentiable if it has no
sharp corners. It was long assumed that:

A curve that is everywhere continuous is everywhere differentiable

But then in the 1870s a function was discovered that is continuous everywhere
but differentiable nowhere (picture from Wikipedia):

This illustrates the need for a solid understanding of very basic mathematical
notions (e.g., real number, continuity, differentiability, function), and that we
can’t rely on intuition.
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2. Analysis, limits

Newton and Leibniz’s calculus was unclear at its foundations. For example,
Leibniz spoke of quantities that are nonzero but smaller than any number.
Berkeley ridiculed this:

And what are these same evanescent Increments? They are neither
�nite Quantities nor Quantities in�nitely small, nor yet nothing.
May we not call them the Ghosts of departed Quantities?

One important step was understanding derivatives as limits: the slope of the
tangent to a curve at a point is the limit of the slopes of secants:

A

B
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As point B slides toward point A, the slope of line AB (dotted red line) ap-
proaches the slope of the tangent to the curve at A (solid red line).

Similarly, we can talk about the series 1
2n , as n goes to in�nity (i.e., 1

2 , 1
4 , 1

8 , 1
16 . . . )

approaching 0.

Then talk of limits was made rigorous, with ε-δ de�nitions. For example,
lim

n→∞
1

2n is de�ned as the real number, y, such that for any real number ε there is

some natural number δ such that for all natural numbers m >δ, |y − 1
2m |< ε.

But what are real numbers?

3. Reduction of numbers

3.1 Complex numbers

The complex number a + b
p
−1 was eventually identi�ed with the ordered

pair of two real numbers a and b .

Again: what are real numbers?

3.2 Real numbers

Real numbers de�ned as sets of rational numbers (Dedekind cuts):

A real number is a set, A, of rational numbers that:

(a) is nonempty and not the set of all rational numbers

(b) is downward-closed (i.e., for any x ∈ A, for every rational y < x,
y ∈A)

(c) has no largest member (i.e., for any x ∈ A there exists some y ∈ A
such that y > x)

But what are rational numbers?
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3.3 Reduction of rational numbers

Rational numbers can be reduced to (equivalence classes of) ordered pairs of
natural numbers. E.g., 2

3 = 〈2,3〉

But what are natural numbers?

3.4 Reduction of natural numbers

0 can be de�ned as ∅, and each subsequent number as the set of all previous
numbers—thus 1 is {∅}, 2 is {∅,{∅}}, etc.

Reals→ rationals→ natural numbers→ sets.

4. Functions

A function came to be seen as an arbitrary “rule” or “way” of assigning values
to arguments, or, more precisely, any set of all ordered pairs 〈x, y〉 that never
contains two ordered pairs with the same �rst member.

Again, we’ve gotten down to sets.

5. Concerns about sets

Initially sets weren’t sharply distinguished from their de�ning conditions; but it
gradually became clear that set theory is a substantial mathematical discipline.

5.1 Cantor

Set B is at least as large as set C if and only if there exists some function,
f , from B onto C —i.e., for every c ∈C , there exists some b ∈ B such that
f (b ) = c
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B C s

If there are at least as many bunnies as caterpillars, then there must be a way of
assigning “buddies” to things so that each caterpillar is the “buddy” of at least
one bunny.

Cantor’s proof:

1. Suppose for reductio that P A is not larger than A—that is, that A is at
least as large as P A.

2. Then there exists some function, f , from A onto P A; and so, for each
X ∈P A, there exists some a ∈A such that f (a) =X

(def of at-least-as-large-as)

3. Now let D be the set of members of A that are not members of their
“buddies”. That is: a ∈D if and only if a ∈A and a /∈ f (a).

4. D is a subset of A; so D ∈P A; so for some d ∈A, D = f (d ) (4)

5. d ∈D iff d /∈ f (d ) (3)

6. d ∈D iff d /∈D (4, 5)

7. This is a contradiction, so there is no such function f

5.2 Axiom of choice

Suppose A is an in�nite set, each member of which is a set containing two
things; and suppose we want to construct a set, B , made up of one member of
each member of A. Thus B will be the set of circled elements:
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A: …

If the members of A are pairs of shoes, we can pick out B this way:

B = the set of all and only left shoes in some member of A

But if the members of A are pairs of socks, we can’t; instead, we’ll need a new
principle saying that there is some way of picking one member of each member
of A—saying, that is, that some B exists. This principle is the axiom of choice.

The need for the axiom of choice showed vividly that sets aren’t as innocuous
as they �rst might seem; they are very different from “de�ning conditions”.

5.3 Russell’s paradox

Naïve comprehension for any “condition”, there exists a corresponding set—
a set of all and only those things that satis�es the condition

This assumption had been made (sometimes implicitly). We assume it when
we speak of, for example, “the set of all even natural numbers”: we form the
condition “even natural number” and infer from Naïve comprehension that
there exists a set of all and only those things that are even natural numbers.

R (the “Russell set”): the set containing all and only the sets that aren’t members
of themselves.

i) Any set that is not a member of itself is a member of R

ii) Any set that is a member of itself is not a member of R

Russell asked, is R a member of itself?

Yes: suppose (for reductio) that R isn’t a member of itself. Then by i), R would
be a member of R, and so it would be a member of itself after all—contradiction.

No: if R were a member of itself, then by [ii)] it wouldn’t be a member of R,
and so wouldn’t be a member of itself—contradiction.
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